Chapter 5

Interacting Fields

So far, we have dealt only with free fields. Even though we have seen many remarkable
features such as the spin of fermions, microscopic causality and the Lorentz invariance
of quantized fields, and so on, all measurable effects occur through interactions of
fields primarily as decays and scatterings which we will discuss in this chapter.
Before going into details, let’s take a rough look at what we will be dealing with.
As an example, take the creation of Higgs particle by annihilation of a fermion pair:

f+f—H, (5.1)

where the fermion could be any lepton or quark, and the Higgs is a neutral spin-0
particle predicted by the standard model of elementary particles. We can roughly
picture this interaction in terms of non-quantized fields as follows: at the beginning
we have two overlapping plane waves, one for f and the other for f. Now, suppose
that the overlap of the waves acts as source of the Higgs field. Namely, at every point
of the overlap, Higgs field is created and spherically propagates outward and they
linearly add up (Huygens’ principle). As the end result of the sum of all the spherical
waves propagating from every point of overlap, we will have a macroscopic wave of
Higgs field coming out of the region of the overlap.

Of course, no macroscopic Higgs wave should be generated unless the invariant
mass of the incoming fermion pair happens to be the mass of the Higgs (i.e. 4-
momentum conservation):

(ps +pp)* =M, (5.2)

where p; and p; are 4-momenta of the fermion and antifermion, respectively, and M
is the mass of the Higgs particle. Such a constraint, as we will see, is automatically
built into the wave picture: in short, the microscopic spherical waves from the sources
do not add up constructively to form a macroscopic wave unless the above condition
is met. Another constraint is that the spins of the fermion pair should properly add
up to form a spin-0 particle. This specifies how the four components of the fermion
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196 CHAPTER 5. INTERACTING FIELDS

Figure 5.1: Rough graphical representations of the Higgs creation f f — H and the
Higgs decay H — f f.

fields should be combined to define the ‘overlap’, and largely determines the form of
the interaction term in the Lagrangian. As we will see later, the existence of such a
term in the Lagrangian in turn indicates that the Higgs field itself acts as a source of
a fermion pair. It then represents a decay of the Higgs particle to a fermion pair:

H—ff, (5.3)

which we will take in the following as an example to introduce the framework and
techniques for evaluating interaction rates.

The above picture is not complete; we need to treat it in the framework of quan-
tized field theory. What we are interested in is the probability amplitude for a given
initial state be found in a certain final state, and it can in principle be obtained once
we know the Hamiltonian of the system. In the Schrodinger picture, we would prepare
the initial state and let it evolve according to the Schrodinger equation of motion and
then take the inner product of the evolved state and the final state of interest. In
the Heisenberg picture, we would find the state that represents the given initial-state
at t = —oo and the state that represents the desired final-state at ¢ = 400 and take
their inner product. Here, we will adopt an intermediate picture, called the interac-
tion picture, where the rapid oscillations of free fields that do not change the physical
content (such as particle types and 4-momenta) are contained in the field operators
and the states evolve relatively slowly reflecting the change in the physical content.
Then the transition amplitude is given by taking the inner product of the evolved
state and the given final state as in the Schrédinger picture. Let us now start from
examining what form of interaction is possible for the Higgs-fermion coupling.

5.1 Lagrangian for the decay H — f f

The ‘overlap’ of two fermion fields 11 and 5 can be written in general as

(GRRCP (5.4)
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where I' is an arbitrary 4 x 4 matrix. We have seen that such quantity can be
expressed as a linear combination of bilinear covariants which transform under Lorentz
transformation in well-defined ways:

151@/)2, 1/_117“%, @/_)10’“’1/}2, &1757“1#2, 1/7175@/12- (5.5)

As we have seen in (4.84), in order for the equation of motion to be Lorentz-invariant,
the Lagrangian should be a Lorentz scalar. The simplest choices are

dU1y, or GUIYss (5.6)

where ¢ is the spin-0 Higgs field. Note that the bilinear covariant has the same trans-
formation property under proper and orthochronous transformation as the Higgs field;
namely, it is a scalar or a pseudoscalar. This is because when the system is viewed in
a different Lorentz frame, the relevant overlap should transform in the same way as
the field created by the source in order for the same wave-source picture to be valid in
the new frame. Which of the two forms to take depends on the transformation prop-
erty of the Higgs field under parity and whether the process in question is invariant
under parity. Here, we assume the proper overlap is a scalar. Since the fermion and
its antiparticle are represented by the same field (as e” and et are representated by
a single Dirac field ), the interaction term is then

Lie = AU (5.7)

where A is a real constant that specifies the strength of the source for a given overlap,
and is called the coupling constant. Note that the interaction term is hermitian; if
it were not hermitian, then its hermitian conjugate would have to be added to make
the whole hermitian.

What is the dimension of the coupling constant A? To find it, we need to know
the dimensions of the fields ¢ and 1. Since ¢ = 1, mass (m) and energy-momentum
(p*) have the same dimension:

dim(m) = dim(PYE E (1 =0,1,2,3). (5.8)

Since p-x appears in exponents of exponentials (e~?%), p-z should be dimensionless;
thus, 2* should have dimension E~!:

dim(z*)=E' (p=0,1,2,3). (5.9)

The dimension of total Lagrangian L = [d®zL is E since L = T — V; then the
Lagrangian density £ should have dimension E*:

dim(d*zL) = FE — dim(L) = E*. (5.10)



198 CHAPTER 5. INTERACTING FIELDS

The term m?¢? in the Klein-Gordon Lagrangian £ = 1(9,¢0"¢ — m*¢?®) indicates
that
dim(m?¢*) = E* — dim(¢) =E (¢ : scalar field), (5.11)

and the term my1) in £ = 1(i@ — m)1) gives the dimension of fermion field:
dim(myy) = E*  —  dim(y) = E? (¢ : fermion field) . (5.12)

Then, in order for the interaction terms to have dimension E*, X\ has to be dimen-
sionless: B
dim(Apyyp) = E*  —  dim(\) = E°. (5.13)
The Lagrangian density of the system is sum of free-field terms and the interaction
term:

L=Lyg+ Ly~ Lin,
Lo = L0000 — MPG?), Ly = (i) —m)o, (5.14)
Ling = AoV

The equation of motion for the scalar field can be obtained from the Lagrangian
density using the Euler-Lagrange equation:

oc _, oL

06 " 0(0u9)

\f/ N————
—M2p+ Ay %9

(0> + M?*)p = A\, (5.15)

which is probably a more familiar form that shows that the quantity 1 is acting as
a source of the scalar field.
The conjugate fields are the same as before:

T=-—=¢, 7wl =" =, (5.16)

where the superscript f of 7/ indicates that it is the field conjugate to the fermion
field. The Hamiltonian density of the system is then

H = Zﬁkqbk —L
k
= (16— Lu) + Q- mithn — L) = Ling
= Huy +Hs + Hine » (5.17)
where Hy and H; are the same free-field Hamiltonians as before, and

Hint - _‘Cint 5 (518)



5.2. INTERACTION PICTURE AND THE DYSON SERIES 199

which is true in general as long as there is no time derivative of fields in L, in which
case the definition of the conjugate fields would be altered and thus H would have
extra terms.

Quantization proceeds as usual; namely, fields are now considered to be operators
in the Heisenberg picture, and commutation and anticommutation relations are im-
posed as before among the fields. The fermion field and the scalar field are assumed to
commute (not anticommute). Then, all time dependences are given by Heisenberg’s
equations of motion using the total Hamiltonian obtained above, and in principle we
should be able to calculate the probability for a given initial configuration to end up
as a given final configuration.

5.2 Interaction Picture and the Dyson Series

We have been using the Heisenberg picture in which all time dependences are in the
operators and the states do not change with time. An alternative picture is the
Schrodinger picture in which all time dependences are in the states and the operators
do not vary with time. To deal with interactions, however, it is convenient to take
an intermediate picture in which the operators (i.e., fields) vary according to the
free-field Hamiltonian, and the states change according to the interaction part of the
Hamiltonian - called the interaction picture. As we will see, these pictures are related
by unitary transformations of states and operators:

ld/y =Vl|a), O =VOVT. (5.19)

where V' is a time-dependent unitary operator. Since all measurements are given
by matrix elements of some operators sandwiched between states, (a|O|b), the three
approaches are effectively identical since matrix elements are invariant under unitary
transformations:

(d'|O'|V) = (a|VIVOVTV|b) = (a|O|b). (5.20)

We start by reviewing the relations among the three pictures.

Interaction picture
The following discussion is valid for any closed quantum mechanical system; we keep
in mind, however, that in our case the operators are fields (¢ 11, ¢?, etc.) and the
states belong to the Hilbert space (a;|0>, b;7§|0>, ete.).

In the Heisenberg picture, the time dependences of any state |a) and any operator
Op are given by

|a>H =0, Opy=ilHy,Opy|| (Heisenberg picture), (5.21)

where the subscript H indicates the Heisenberg picture.
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Transition to the Schrodinger picture is achieved by the transformation

a)s € Via)y, OsEVouVi, |VE eitlut], (5.22)

where V' is unitary since Hy is hermitian, and the subscript S indicates the Schrodinger
picture. Since Hy commutes with V = e~#H#t = Y~ (—iHgt)"/n!, we have

Hs= VHy VI =Hy VYV = Hy, Hy=Hg=0, (5.23)
commute 1

which allows us to use (9/0z)e** = Ae** (1.112) to obtain
V = (—iHy)V = V(~iHy). (5.24)
Taking the time derivative of |a)s = V|a)y and noting that ]a)H =0, we get
la)g = Vl]ayy = (—iHpV)|a)y = —iHyla)s . (5.25)
Similarly, taking the time derivative of Og = VO VT,

Og = VOV + VOV + VO, VT

= V(—=iHy)OxgVT +VOu(iHgVT) +V QE vi=o0. (5.26)
Vi[Og, Hy|V? i[Hpy, O]

Thus, in the Schrodinger picture, the time dependences are given by

‘d>s = —iHyla)s, Os=0| (Schrodinger picture), (5.27)

namely, the operators are now constants and states change with time.
Now, we move to the interaction picture by starting from the Schrodinger picture
and dividing the Hamiltonian into two parts

Hg = HS + hs. (5.28)

where the two pieces do not commute in general. Later, H is taken to be the free
field part and hg the interaction part, but at present the division is arbitrary. Then,
we apply a transformation by a unitary operator V0 = ¢'Hst:

a); Z VOa)s, OF B V00V, Vo E eiftdt] (5.29)

where the subscript I indicates the interaction picture. Since Hg = (0, we can use
(1.112) to get
VO =iHWV = VO%HS. (5.30)
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Then, the time derivative of |a); = V°|a)s becomes

), = V2 la)s +V° a)g
Vi HY ol
S —iHgla)s by (5.27)
—hg
= VO (HY — Hg) |a)s = —i VOhgV? V0)a) (5.31)
=V ( S S T a)s = —1 S a)s .
Voo hy la);

and the time derivative of O; = V04V is (using Og = 0)

O; = V05V + V00470
= (H3 V)0V + V005 (VO (—iHY))
%/_/ %’_/
O[ OI
= i[HY,0;] = i[H}, 0y (5.32)
In the last step, we have used
HY = VOH vol = HY. (5.33)
commute

Thus, the time dependences in the interaction picture are

|d>I = —ihfla);, Op=i[HY,0;]| (interaction picture), (5.34)

At this point, we take the free-field part of the Hamiltonian as H°, and the
interaction part as h. If there is no explicit time derivatives in these terms, they have
the same form in all three pictures. For example,

hg = /dsl‘ Puun
hs =V / B o (VIV YD (VIV )V = / Bz dshsts | (5.35)
b=V [ & gs(VIVOBs(VOIVO sV = [ d o

If there are time derivatives in h, the time dependences of the unitary operators V'
and VY can in principle generate extra terms and break the above form invariance.
The time derivatives of fields, however, are usually replaced by the conjugate fields in
the Hamiltonian (for example, qb is replaced by 7) and thus h does not contain time
derivatives of fields even when L;,; does.
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In the interaction picture, fields have the same time dependence as that of free
fields, and thus they can be expanded using the same normal-mode functions as
before with creation and annihilation operators that do not depend on time. To
see this more clearly, let’s work it out for the H — ff Lagrangian (5.14). We have
imposed the commutation relations in the Heisenberg picture; we note, however, that
the commutation relations are invariant under change of pictures:

—_~ —_—

viv. viv
— [Ag,Bs] = Cs, “™8Y (4, B =C;. (5.36)

Similarly, anticommutation relations are also invariant under change of pictures.
Thus, for example, the commutation relations for the scalar field in the interaction
picture are

[pr(t, %), m(t,2")] = i0°(# — &), all others = 0. (5.37)

The free-field Hamiltonian in the interaction picture has the same form as in the
Heisenberg picture as seen in (5.35):

1 >
Hy = [daHy, Hj = S(nF+ (V1) +m?6}) (5.38)

Then, following exactly the same steps as in the case of free fields, the commutation
relations and the equation of motion O; = i[H? , O;] leads to

T =¢r, (@*+m?e;=0. (5.39)

Thus, it satisfies the free field Klein-Gordon equation, and again following exactly
the same procedure as before, the field ¢; can be momentum-expanded as

o1(x) = D (agreg(w) + afyex(x)) (5.40)

p

where a;’s are constants of motion, ez(x) is the same normal-mode function as before,
and the commutation relations among fields lead to those among a;’s:

lagr , aby] = 05z, lagrazr] = laly ,al,] = 0. (5.41)

We then define the lowest energy state as the vacuum |0) and identify ag|0> as the
state where there is one scalar particle with momentum p’in the entire universe. The
situation is the same for fermion fields. Note that the corresponding commutation
relations among a’s in other pictures also hold since commutators are ‘invariant’ as
we have seen.
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The advantage of the interaction picture is that the operator fields carry the rapid
phase oscillations of the type e~* which do not change the physical quantities such
as particle type, energies and momenta, spins, etc., and the states evolve much slower
representing changes in physical contents. For the rest of the chapter, we will stay in
the interaction picture and drop the subscript I. The differential equation for states

la) = —ih(t)]a), (5.42)

can then be solved for a small h. Suppose we have an initial state |i) at ¢ = 0. Then,
the change in a small time dt is —ih(t)dt |i), and as long as the sum total of change
is much smaller than |¢), it will linearly add up over some finite time 7" (even though
h itself in general oscillates rapidly covering many periods in the duration T'):

T
la(T)) = i) — i /0 h(t)dt) ) (5.43)
Assuming that initial and final states are orthogonal and normalized as

(il)y =1, (fIf) =1, (5.44)
the amplitude to find a given state |f) at time 7" is given by

(Fla(T f|/ Dt |i) = —z’/ont/d3x<f]Hint(x)|z'>, (5.45)

where we have used h(t) = [ d*xH;(z). This is the first order transition matrix
element. In order to find the answer to all orders, we have to proceed more system-
atically.

U and S operators

Each of the basis states of the Hilbert space at time t, a}|0> L gbﬁ/ +0) etc., will

evolve according to |a) = —ihla), and at a later time ¢ they will become some linear
combinations of the original basis states with some complex coefficients. These sets
of coefficients form a gigantic matrix and define an operator which transforms any
state at ¢ = 0 to a state at a later time ¢:

la(t)) = U(t, to)[a(to)) , (5.46)

which is sometimes called the evolution operator, or the U operator (or the U matrix).
Clearly, U (to,to) is the identity

Ulto,to) = I . (5.47)
Substituting |a(t)) = U(t, to)|a(to)) in |a) = —ihla),
U(t,to)|a(te)) = —ihU (1, to)]a(to)) - (5.48)
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Since this holds for any state |a(ty)), we have an operator equation for U(t, t):

Ut t) = —ihU(t, to)]|. (5.49)

At to, Ultg, to) = I is obviously unitary: U'(to,to)U(to,to) = 1. Taking the hermitian
conjugate of above, and using hf = h

Ut =iutht = iUth. (5.50)
Then, U'U is seen to be constant of motion:

d . .
—(U'n)y= UL u+U' U =0. (5.51)

dt )
UTh —thU

Thus, UTU = 1 at any time; namely, U(t, ;) is always unitary.
The S operator (or S matrix) is defined by taking the limit ¢, — —oo and ¢ — oo:

o
n

SE lim U(tt)|; (5.52)
tg——o0

namely, it evolves the ‘initial states’ to the ‘final states’. By ‘infinite time’, we ac-
tually mean some time duration 7' long enough to cover many oscillations of fields.
In fact, we will later find that transition probabilities calculated perturbatively are
proportional to T', and if T" is truly taken to be infinity, the transition probabilities
will diverge or linear approximation will break down.

Now, since U is unitary, so is S:

StS=1. (5.53)

As an initial state |i) will evolve to S|i) at ¢ = oo, the transition amplitude i — f
is given by (f|S|i) and the probability to find the final state in |f) is then |{f]S]:)]*.
The unitarity of S then reads

(il x STS=I1 xli)y — SUfISHP =1, (5.54)
S !

f

where the sum is over all possible final states that are assumed to form a complete
orthonormal set. Thus, the unitarity of S means that probability is conserved.

The next step is to solve the differential equation U (¢, to) = —thU(t,ty) for a given
interaction h. Our goal is to express U, and thus 9, as a perturbation series in powers
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of h. In doing so, we have to be careful about the operator nature of h. Recall the
definition of differentiation and integration of a matrix function:

dA() At +dt) — A(t)

= 5.55
dt dt ’ (5.55)
and
t1 N
dtA(t) = Y Alto +ndt)dt  (t, —to = Ndt). (5.56)
to n=1
Strictly following these definitions, we see that
Iy = 2 ( A tdt’A(t’))
dt to o dt to to
1
[by (5.56)] = g A(t)dt = A(t);
d rt
—|— [ dt'A{t") = A(t)|. (5.57)
dt to
Then, if in general
d .
aef‘(t) = A(t)er® (), (5.58)
the solution of U = —ihU would be given by
Ut to) = ¢ o @M (5.59)

as can be readily verified using (5.57). The relation (5.58), however, does not hold
unless [A, A] =0 :

(ieA(t)>dt — QA A
dt ~——

e(A)+A(t)dt) by (5.55)
(if [A,A]=0) = eADAMd _ AW [ used (1.113) |

_ 6A(t)(eA(t)dt _ 1)
——

A(t)dt
= A(t)e Pt . (5.60)

Earlier, we have used (9/0x)e®* = Ae® for a constant operator A which is consistent
with the above observation since

[z A, %@;A)} = [wA, A = 0. (5.61)
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. i

In general, however, the condition is not satisfied as can be seen in [¢(t, %), ¢(t, Z")] #
0. We will now show by direct substitution that the solution is given by

Ult tg) =1 + (—i) /ttdtlh(tlw...

+ (=i [t tldtg---/tnldtnh(tl)h(t2)-~-h(tn) + ... (5.62)

to to to
Taking the time derivative of the above and using (5.57),

O(tto) = (—i)h(t) + ... + (—i)" ttd@--. "t () - h(ty) +... (5.63)

to

Taking h(t) in the integrand out in front and relabeling (t; — ¢;_1),

O(t 1) — —z’h(t)(1+...+(—z')”1 it - /tn2dtn1 h(tl)---h(tnl)Jr...)

to to

= —ihUl(t,ty), (5.64)

which shows that the series (5.62) is indeed a solution of U = —ihU.
It will be convenient later if we express the solution using the same integration
range (to,t) for all integrals. To do so, we note

tn—1

t t1
Indg/dtl/dtg--- /dtnh(tl)---h(tn): / dty---dt, h(t) - h(tn), (5.65)
to to to

Vn(t1>'“>tn)

where V,, is the n-dimensional cube defined by ¢ty < ¢; < ¢ (i = 1,...,n), and the
integration range V,,(t; > - -+ > t,) is its sub-volume limited to (¢t; > --- > t,). Rela-

beling (t1,...,t,) — (tiy,---,t;, ), where (i1,...,i,) is any permutation of (1,...,n),
Lo= [ dbeedtah(t)-ht,)
Vi (tig > >ti,)
- / dty---dt, T(h(t1) - h(ts)) | (5.66)

Vn(til >'~~>tin)

where we have defined time-ordered product by reordering of operators in the descend-
ing order of times:

def

T(Ar(h) - Aultn)) S Ay (b)) Ai (1) (6, > > t,). (5.67)

For completeness, operators with the same time are defined to keep the original
order. This procedure is understood to be a simple re-ordering of operators that are
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functions of time as they are written, and one should not redefine the functions before
the time-ordering is done. For example,

A(L5)B(2.0) = A(2.5)B(2.0) it A(t) = At +1), (5.68)
but
T(A(1.5)B(2.0)) = B(2.0)A(1.5) flips the ordering,
T(A'(2.5)B(2.0)) = A’(2.5)B(2.0) does not,
and the results are in general different.
In the case at hand, we have A;(t) = h(t) for all i. Noting that sum of the

regions V,,(t;, > ... > t;,) with all possible permutations (n! of them) is just V,,,
and that for each permutation, I, is expressed as (5.66) with the same integrand

T(A(ty)--- An(tyn)), we have
nll, = ¥ /d cdt, T(h(t) - hit)

all
perm. V"’L (t’bl > >tln)

= [ dtre et T(h(t) - hit))
1

t
= o e [T (k) i) (5.70)

(5.69)

Thus, the solution (5.62) is now written as

Odtl /dtT (t1) -+ hltn)) . (5.71)

The S matrix is then obtalned by taking the limit ¢ — oo and ty — —o0.

s—1+3
n=1

. /_ “dt, T(h(t) - h(ta) |, (5.72)

which is known as the Dyson series. The advantage of such an expansion is that often
the interaction term is proportional to a small coupling constant and the higher-order
terms become progressively insignificant.

Incidentally, the time-ordered product can be defined for cases where fermion fields
are included:

T(A(ty) - Anltn)) o spAi (i) - Ay (L) (tyy = >1)], (5.73)

where A;(t) are time-dependent operators and sp is +1(—1) if the number of swaps of
fermion operators needed for the re-ordering is even (odd). With this definition, the
difference between before and after the time-ordering becomes a c-number as in the
case of normal ordering. In deriving the Dyson series, we needed sp = +1 in (5.66)
which is actually the case even if fermion fields are involved since fermion fields always
appear in pairs in the interaction term h.
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5.3 Evaluation of the decay rate H — f f

Taking only the first-order term in the Dyson series,

S =i / dth(t) = —i / dt/demt (5.74)

which is the same as the earlier result (5.45) if 7" is taken to be large (‘infinity’).
Assuming that there is no time derivatives in the interaction term, we have H;, =
—Ling (5.18), and

S=i / d'z Lo | (first order). (5.75)

In our case, Liy = A1) (5.14), where normal ordering is implicit, and thus,

Spi = (f11i) = ix [ d'a (floduli) (5.76)
Let’s define the spins and 4-momenta of the particles involved as
H:  P=(P"P), P°=\P" + M2,
f: gl? plz(p aﬁl)) p :\/ﬁ12+m2a (577)

0 0
1 1
f: §27p2:<p(2)7_;2)7p(2):\/ﬁ22+m2'

Then, the initial and final states are

N T

i) = agl0), (5.78)
_ ot T '

‘f> - aﬁl,glbﬁzy_ém)’

where if annihilation or creation operators have only a momentum subscript, they are
understood to be for H, and if they have momentum and spin subscripts, then they
are for f or f.

We will now use momentum expansions of fields to write the matrix element
Sy in terms of creation and annihilation operators. Since Sy; is just a number, all
creation and annihilation operators should disappear in the end and we will be left
with numbers such as e, fﬁ 5, and gz z. With momentum expansions, we have

) (/]
<f|¢¢¢|3> = <O|bﬁz,§2aﬁ1,§1
¢ v W |2)
=

x Y (ageq + aber) o (ak fas + bpagps) D (apsifps+ b cgms) a)0) . (5.79)

— -

q_‘ 575 p?s
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There are many terms in ¢ 1), but there is only one term that survives - the term
with matching annihilation and creation operators that counter those in |i) and (f].

First, all terms that contain a} vanish since they commute with fermion operators

on their left and face the vacuum (0|. Also, all terms with ag (§ # P) vanish since
they commute with all operators on their right to face |0), leaving agep P as the only

term in ¢ that survives. Similarly, the only term that survives in v is bl and

D2,32 gp2782
the only term that survives in ) is aﬁl 5 f#.5. One subtlety may be the vanishing of
terms with bz in ¢ which need to go beyond b»,ﬁg, of ¢ to face |0). Actually, bz s's are
already to the right of bq, +’s because of the implicit normal ordering. Even if normal
ordering is not assumed when bz 5 is moved past bq, o it leaves behind d; ;05 and
such term vanishes anyway since the annihilation operator ag 5 in (f| will face |0)
to the right. Thus, we have

<f|¢775¢|2> - <0|bp2 520p1,51 (apeP)(apl,slfP1,81)(bﬁ2 §29p2,§’2> T“|0>

= <O|bﬁ2,§2aﬁ1,§1aPaﬁ1,§1bp2,52 P|0> eP(fpl,S1gp2,S2)

1: norm of aﬁl 5 m 5, P]O}

= 613<J?ﬁ1,§1gﬁ27§2) ’ (580)

which is now explicitly just a number (a function of z). The transition amplitude Sy
is then

Sy = z’A/d4a:e,3(a:) J5,1 () gy 3 ()

)\/d4 Tibe aﬁl s € Uﬁ27§2eip2.x
= 1
V2PV v f2p8V

2)\ up1 81UP2 S2

_ / dip eiPr+m—P)e (5.81)
V@POV)(2p8V) (2p3V)

(2m)*6*(p1 + p2 — P)

The four-dimensional delta function arose from the phase terms of the normal-mode
functions, and indicates that the transition amplitude is zero unless the energy-
momentum conservation P = p; + ps is satisfied.

Let’s define the Lorentz-invariant matrix element M by

S = (2m)'5"(pr +p2 — ) M, (5.82)
V2POV)(2p0V) (258V)

where M is
M =il Uz, 51 Va5 » (583)
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which is a scalar bilinear covariant and thus Lorentz-invariant. The probability to
find the final state f is then the square of the amplitude:

[(2m)164(py + 2 — P)]”

.2:
S = " pov) v 29

IM?. (5.84)

What is this square of the delta function? This oddity came about because we
pretended that we are integrating over infinite space and time even though we are
actually dealing with finite space V' and finite time 7. Thus, let’s recover the origin
of the delta functions (for one of the two §’s) and write

{(2ﬂ)454(p1 +p2 — P)]2 = (27)**(p1 +p2 — p)/ dt/ B oiPrp2—P)x
T |4

TV : (P =p1+p2)
= TV(2n)*6*(p, +p2 — P), (5.85)

where the delta function allowed us to set P = p; + po in the integrand. Thus, the
transition probability is

(2m)*0%(pr +po — P)TV

.2:
Sl = 2PV ) 2V 23V

IM|?. (5.86)

This is the probability to find the final state with particular discrete momenta p; and
Pa-

What we usually need is the probability to find the final-state momenta in some
ranges d3p; and d®p, which are small but still contain many discrete values of 7
and ps, which should be equal to the corresponding decay rate dI' times 7. From
S5 =V/(2r)? [ dp, we have

Vv
= p; =1,2). 5.87
> 2P © ) (5.87)

pi€d3p;

The transition probability dI" T" is then obtained by summing over all final states with
p1 € d®py and P € d3po:

darT = > Y |Suf

P1E€d3p1 pacdip2

Vv Vv 2m)45%py + po — P)VT
— 3 43 2. 5.88
et e P epevieg) M O
namely, the decay rate is given by
(2m)* Fp;  dp )
dl’ = ) - P )
2p0 " PP D) oy g M 58
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or

(2m)*
2P0
with the 2-body Lorentz-invariant phase space d®, defined as

dl = ddy| M|? |, (5.90)

d3P1 d3P2
(2m)32pY (27)32p3 |

def
d®y = 0*(p1 + p2 — P)

(5.91)

In deriving this formula, we did not require that the mass of the two final-state
particles are the same; thus, it is valid for the case the masses are different, in which

case we have pY = /p? + m? (i = 1,2).

The total decay rate is obtained by integrating over all final states (‘phase space’):

(2m)"
2P0

That d®, is Lorentz-invariant can be seen by the identity (4.286). What do we mean
by the Lorentz-invariance of differential expressions? It means that if a Lorentz-
invariant function is integrated with the differential piece d®,, then the resulting
quantity will have the same numerical value in any frame. Since M is Lorentz-
invariant, when integrated over all phase-space, the result [ d®,|M|? will be Lorentz-
invariant. Thus, the above expression for I' indicates that the decay rate is inversely
proportional to the energy, which is just the time dilation effect due to boost.

We now perform the integration over the phase space in the rest frame of the
parent particle. Since H is spinless, there is no preferred spacial direction, and thus
the decay should be uniform over 47 steradians in the rest frame of H. Later, we will
indeed see that | M|? does not depend on direction of ) or p, in the C.M. frame. Using
the identity (4.286), we can change d®p; to d*p; and eliminate the 4-dimentional delta
function by integrating over p;. Keeping the two final state masses to be different
and denoting the integrand as X,

r= /dq>2|M|2. (5.92)

d3P1 d3p2
/dCI>2X - /64(p1 = P) (2m)32pY (2m)32ph
—_—

5002 — m20(")-LPL b (4,986
(pf —m7) (p1)<27r)3 y (4.286)

d3p2
(2m)52p5

= [ o2 - m)oh)

p1=FP—p2
d®p
= JOP =) = RO ) 5
d’py

- /6((M2 +m3 — 2Mph) —m})8(M —pg)mX7

(5.93)
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where in the last step we have used P = (M, 6) Since the integrand does not depend
on the direction of p5, we can write

Ppy = 4#]53 dpy = 47po pgdpg (p2 = |P2]), (5.94)

where we have denoted |p] as p in order to simplify the notation during the compu-
tation, and used )

Py =Dh+my  —  phdph = Padps. (5.95)
We can then complete the integral using the property of the delta function (4.109):

Arpy pydpy
. 2 2 0 2 0 2772
/d<1>2X = / O(M* +my — 2Mpy —my) 0(M — pj) “2r)528
—2M5<p2 - i ) by (4.109)  podp}
(2m)5
P2
= X (596)

where iy = /p)° — m2 with p = (M2 + m2 — m?)/2M, and (M — p3) = +1 since
py as given is always smaller than M (the energy of the daughter particle is always
smaller than that of the parent). Thus, the total decay rate in the C.M. system for
a uniform decay is given by (with X = (2m)*| M|?/2P°)

1P 2
I =
8w M? M

(5.97)

where we have defined |pi| = |p2| = |p].

We now move on to the evaluation of |[M|?. Since we know the explicit forms
of u,v spinors, in principle we can calculate M = i\ U 5 vz 5 for given momenta
and spins. There is, however, much quicker and also representation-independent way.
Suppose we are not measuring the spins of the final state. Then, decay rates to all
possible spin states (there are 4 of them for given p; and p») should be incoherently
summed:

_ 1 2
= A2 Z IM|*. (5.98)

51,52

As we will see, when the matrix element squared is summed over the spins, we obtain
a trace of certain 4 x 4 matrix in the spinor space which can be evaluated using
representation-independent techniques:

Z ’M‘Z = )‘2 Z (aﬁ1,§1vﬁz,§2)*(ﬂﬁl,§1vﬁQ,§2)
—_—

1,82 1,82 —
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= )\2 Z 1752752 (Z uﬁl,ﬁaﬁl,_’l) Ups,55

($r +m)

(write out components) = A 2(775275‘2)”(]61 + 1) (Vg2 )m
5

= A\ Z(Uﬁz,s*z)m(@ﬁz,gz)n(pl + m)nm

5

(B2 = m)mn
= X[ —m)pr+m)|
= NTr[(p2 —m)(p +m)| . (5.99)
In general, the spin sum over the form uzsMuz s or V5zMuvys, where M is any 4 x 4

matrix, results in a trace: following the last four lines above with p; +m — M, we
obtain
> tpsMuzy = Tr[(p +m)M],
5 5.100
Z@@gMU@g = Tr [(]/) —m)M] ( )

The expression (5.99) can be readily evaluated using the trace theorems (Exercise 5.1).
Since traces of an odd number of gamma matrices are zero,

2 42 2
Z MP = N[ Trpops —m? Trl |
v 4pa - p1 4
= 4\ (py-pr —m?). (5.101)
In the Higgs C.M. frame, we have p; = (E,p) and p, = (E, —p); thus,
pr-pr —m’ = E* 4+ —m? =2p°. (5.102)
Then, using this in (5.98), we finally obtain
2713
2
T M?
We can now evaluate the actual decay rate of the Higgs decay to a top quark and
its antiquark. The mass of top quark m; is 175 GeV, and let’s assume that the

Higgs mass is 450 GeV. Then |p] ~ 141 GeV/c. In the standard model, the coupling
constant A is given by

(5.103)

m
)\_gt

2mW ’

(5.104)

where g ~ 0.65 is a universal coupling constant of the standard model and my, ~ 80
GeV is the W boson mass. The numerical value of A is thus ~ 0.71. There is one more
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complication; namely, quarks come in three colors, and each one is created with the
same decay rate (5.103) thus increasing the rate by factor three. Putting all together,
the decay rate H — tt for a 450 GeV Higgs would be

2Ipl3

P(H — tt) =

Let’s reflect upon the procedures we just followed. We started from the first-
order expression of the S operator and sandwiched it between the initial and final
states which led to a space-time integral of (f|Lin|?). When momentum expansions
were used for the fields appearing in L;,, only the term that contained the creation
and annihilation operators that exactly matched those of the initial and final states
survived. In short, the interaction term had to annihilate the particles in the initial
state and create the particles in the final state. More specifically, for the creation
operator of the initial state aﬁ the term had to contain the annihilation operator
ap and the associated normal-mode function es(z) survived into Sy;. Similarly, the
fermion (antifermion) in the final state came with the annihilation operator ag s,
(bs,.5,) and the surviving term in the interaction had to contain the matching creation
operator at & (bp2 5)
St

These contributions of the initial and final state particles to Sy; are valid for a
general transition from an arbitrary number of initial state particles to an arbitrary

number of final state particles. We did assume that the creation operators ajﬁ of

= 6.7GeV . (5.105)

which contributed the normal-mode function fz 5 (g5,.5) to

fermion and the annihilation operators b; s of antifermion appear in the form ¥ (and
not as ¥’ which can be written as 17" in any case) as is the case for any bilinear
covariant. These can be readily extended to scalars in the final state and fermions
and antifermions in the initial state. Thus, the contributions to Sy; from the initial
and final states are:

ey(x) for a scalar in |7) (azez(x) to match aT|0> )

e5(x) for a scalar in |f) (a; e5(x) to match (0la;.)

f7z(x) for a fermion in |7) (a,;gf #(x) to match a;§|0> )

L lon 1 ; (5.106)
53(2) for a fermion in |f) (az f7s(x) to match (Oazs.)

ggs(x) for an antifermion in |i) (bzsgss(x) to match b £0).)

gp5(x) for an antifermion in |f) ( ;gg #(z) to match <0|b )

In this list, we note that annilation operators, namely the particles in the initial state,
are always associted with a positive energy oscillation e, and creation operators,
namely the particles in the final state, are always associated with a negative energy os-
cillation e?*, regardless of the type of particle. Thus, if the initial state momenta are
pi(i =1,...,m) and the final state momenta are p;(f = 1,...,n), upon integration
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over space-time, we will have a delta function corresponding to energy-momentum
conservation (2m)*6*(>; pi — > ypy). In a general transition p;(i = 1,...,m) to
pr(f =1,...,n), the delta function for the energy momentum conservation and the
normalization factors 1/4/2p°V can be separated out in Sy; and the rest defined as
the Lorentz-invariant matrix element M:

. (27)454(21'191 - prf)

i = LG L, oY) (5.107)

As we will see later, this form holds also when spin-1 particles are involved.
The contributions of the inital and final state particles to the Lorentz-invariant
matrix element are then

initial state | final state

—_

scalar 1 (5.108)

fermion

<
kit
wy

~
=
oy

D,

@y
4

@y

antifermion 5,

For a n-body decay P — pq, ..., p, with masses M — mq, ..., m,, the same procedure
as in the case of 2-body decay can be followed to obtain
(2m)* 2
I’ = d®,,
5po (M|
e dgpf

do, = o -~ P) [ =555
(;Pf )];[ m)2h

(5.109)

[N
[

where d®,, is the Lorentz-invariant n-body phase space and p{ is a function of p; as
usual: p? = \/pZ+m? (i=1,...,n).

In the case of the decay H — ff, the u, v spinors are combined following the form
of the interaction Lagrangian £ = A¢1) with the constant vertex factor given by 4
(which came from the Dyson series) times whatever the coupling constant is in L.
This can be graphically written as below, and one can immediately write down the
Lorentz-invariant matrix element:

iA M =) Uy 51 Vs, 55 - (5.110)
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The rules (5.108) together with the vertex factor are part of the calculational rules
called the Feynman rules, and the diagram is called the Feynman diagram. In the
diagram above, time flows from left to right, but this rule is not strictly followed.

Often the arrow of antifermion is reversed as in the figure above to emphasize that
the spinor combination gz, vz, 5 forms a bilinear covariant (or a general ‘current’).
In the framework of the non-quantized hole theory, one may interpret that the reversal
of the arrow arises because an antifermion corresponds to a negative-energy fermion
with momentum and spin that are opposite to those of the physical anti-fermion. In
our framework of quantum fields, however, there is no need to resort to such negative
energy states. The fermion and antifermion in the final state naturally formed a
bilinear covariant because, in the momentum expansion of fields, creation operators
of a fermion were associated with u spinors and the creation operators of antifermion
with v spinors.

Exercise 5.1 Traces of gamma matrices.
Let’s prove some of the most often used relations in actual calculation of rates. These
traces show up when spin average is taken for fermions. Do NOT rely on any specific
representation of v matrices.
(a) Prove that

Trl =4, Tr(dp) =4a-b. (5.111)

(b) Prove the following trace relation that reduces number of v matrizes in traces by
two:

2n

Tr(dida - don) = ;(—1)1@1 ca;Tr(do - diadhivr - don)
= a1 -aoTr(dsda - dhon) — a1 - asTr(dods - - - dhon)
+ st ar - ag Tr(dagis - don—1) - (5.112)

(hint: Take the v matriz on a; and shift it all the way over to the right using the
anticommutation relation.)
(¢) Using the result of (b) to show that

Tr(dpid) = 4[(a-b)(c-d) — (a-c)(b-d) + (a-d)(b-c)|. (5.113)

(d) Prove that the trace of a product of odd number of v matrices (v*;p = 0,1,2,3)
1s zero including the case of single v matrix:

Tr(y* .. 42y =0 (n=0,1,2...). (5.114)

This means that

Te(dy - flons) =0 (R=0,1,2...). (5.115)
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(hint: Note first that a trace of odd number of v’s can always written as a trace of
three v’s: Tr(y* ... yH2n+1) = Tr(y*y%y7). Then there is at least one y* which does
not appear. Pick such u, and write the trace Tr(yyPy ) = £Tr(y2v5y7) in two
ways to move one of the v’s to the right hand most; one using Tr(AB) = Tr(BA) and
the other by shifting it using anticommutation rule of 7y matrices.)

(e) Furthermore show that

Trys =0, Tr(¢pys) =0. (5.116)

(f) Prove that
Tr(y57%77777°) = 4i e (5.117)

(hint: note that Tr(y2) = Trl = 4. Replace one of the v5’s by iy°y'y243.)
(9) And finally,

Tr(yHak2 o) = Tr(y#2 .o 424 (reverse order) . (5.118)

Exercise 5.2 More on v matrizes.
Prove the following relations:

Yo =4
VA = —29°
Py = 4g*7
7uvavﬁv(s% SR, WA (5.119)

[comment: These relations lead to

Yy, = —24
Vigpye = 4a-b
Vidply, = —2¢pd . (5.120)

Note that the index u is summed in all of the above.]

5.4 Muon decay

The muon decay p~ — v,e” 7., which proceeds with essentially 100% branching
fraction, is an example of weak interaction which is mediated by W and Z vector
bosons. All particles involved in the muon decay are fermions: p~ is a charged
fermion of mass m = 0.106 GeV, and v, and 7, are the muon nutrino and electron
antineutrino both assumed to be massless. The mass of the electron (~ 0.0005 GeV)
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is much smaller than that of the muon, and thus we will ignore the electron mass in
the following calculation. For now we will assume that the interaction Lagrangian is

given by .
Line =7 (P 1al1 = 20)0) (5077 (1 = )00, ) + (5.121)

where 1, is the muon field, 1. is the electron field, v,, and ,, are the neutrino
fields. The Lorentz index « is contracted. This form was first suggested by Fermi,
and the constant Gp is called the Fermi coupling constant. Since dim (£) = E*
and dim (v)) = E%?2 (see p197), the dimension of the coupling constant should be
dim (Gr) = E~2. This is actually a low-energy approximation of a more fundamental
interaction involving W vector boson that we will study later. In fact, we will find
that the Fermi coupling constant is given by

e
Gp=—F7"—,
F 4\/§m%‘,

where ¢ is the dimensionless universal coupling constant and my, is the W boson
mass, the same quantities we have seen in (5.104). Here, we will take the measured
muon lifetime as an input and extract the value of G.

We could simply apply the Feynman rules (5.108), but let us review the derivation
from the first principles. The first-order Sy, is given by

(5.122)

e(q)
S5 =198 [ e (1] (1~ 30
1(p) %) V2 o Y (5123
< (1 1)
m
v, (P)

We did not use the hermitian-conjugate part of (5.121) since the term we took contains
annihilation operator for x~; the hermitian-conjugate part would be responsible for
the decay of u*. Upon momentum-expanding the fields, only the term that annihilates
the initial-state muon and creates the final-state particles will survive. The integration
over x will give the delta-function for the energy-momentum conservation, and we

obtain

2 484, o
S — )0 tatd—p) (5.124)

V (2p°V)(29°V)(2¢°V) (2¢°V)

with G
M= ZT; (U, Yo (1 = 75)u) @y (1 = ¥5)vs ), (5.125)
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which could also be directly obtained from the Feynman rules where it is understood
that the u, v spinors are combined with the v matrices to form currents corresponding
to those in Liy. Summing over all final states with p’ € d3p/, ¢ € d®q, and ¢’ € d3¢/,
the corresponding decay rate is [see (5.109)]

(2m)*

dl’ =
2p°

dds| M |? (5.126)

where the Lorentz-invariant 3-body phase space is given by
dgp/ d3 q d3 q/
(2m)32p° (2m)32¢° (27)%24"

d®; =0 (p' +q+4d —p) (5.127)
Assuming that the parent particle is unpolarized, the 3-body phase space can be
integrated over all variables except for F; and FEs,, which are the energies of any two
of the three final-state particles in the C.M. frame of the parent, to obtain (left as an
exercise)

dEydEy
dd; =
T 42T |

which, together with (5.126), gives the differential decay rate in the C.M frame:

(5.128)

_dBdE;

dl =
6473 m

(3-body, parent unpolarized) (5.129)

where m is the mass of the parent (p° = m in the C.M. frame). This formula gives
the decay rate into an area element dF,dF, where F, and E5 are the energies of any
two of the three daughters. The probability density of the decay in the 2-dimensional
space of E) vs Ej is proportional to |M]?, and such density plot, called the Dalitz
plot, provides a powerful tool to study the decay matrix element.

Exercise 5.3 Three-body phase space.
(a) Take the expression of the 3-body Lorentz-invariant phase space (5.127) and show
that it reduces to (5.128) when evaluated in the C.M. system (E; = p?). The particles
1,2,8 have masses my, mg, m3 and 4-momenta pi,p2,P3, respectively. Assume that
the parent particle is spinless (or unpolarized) thus there is no special direction in the
C.M. frame; namely, the matriz element does not depend on the direction of the first
particle you pick. The matriz element, however, is in general a function of the angle
between 1 and 2 among other variables. [hint: Namely, you can set d>p; = 4wpidp, but
then, you cannot do the same for py; it should be d*py = 2mp2dpad cos 01 (s = |Dil).]
(b) Show that invariant masses of 2,3 and that of 3,1 are linearly related to Ey and
EQ by

_ MP+mi— Sy

El_ :M2+m§—531
2M

2M ’

) E2
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where S;; = (p; +p;)* and M is the mass of the parent particle (or the invariant mass
of the entire system in the case of scattering). Then rewrite d®3 in terms of Sas and
Ss1. Since Ses and S31 are Lorentz-invariant quantities, the resulting expression is
valid in any frame. [hint: Energy-momentum conservation gives P — p1 = p1o with
P12 = p1 + pa. Square both sides and use P = (M,0).]

The Lorentz-invariant matrix element given in (5.125) is for specific spin polar-
izations of the initial- and final-state particles. In calculating the decay rate, we sum
|M|? over all possible spins in the final state. Also, we assume that the parent is
unpolarized, and thus we take the average over two possible spin states of the parent.
Namely, we sum up all the spins of all initial and final state particles and then divide
by two. The result is the ‘spin-averaged’ matrix element squared - denoted as ]j\/l—|2:

M2 = 5 Z M]*

SleS

1G%

- 99 (Hwﬁa(l — ) ) (@™ (1 = ¥5)v0, )"
spins

X (T, v5(1 = 5)uy) (W (1 — ¥5) vy, )

F Z UV/YO& 75)“;;)*(@1/”7,8(1 — V5)Uy)
122 Vu
spins

x> (@ (1= y5)v, ) (@ (1 = 75)v.) (5.130)

€,Ve
spins

Noting that y*(1 — 7s) is self-adjoint:

YA =)=0- 7)1 =0+ =7"1-%), (5.131)

and using the spin-sum formulas > spin U, Uy, = P+ %Vu (m,,
(5.100), the spin average leads to traces:

. = 0) etc. as well as

M2 = F Z ulﬁ/a —Vs) Uy, Uy, 75(1 - 75)
Hs Vu —
spins — ﬁ

X v, 1_ eeﬂ]-_ 1%
>0, (1 = 5) uelic ¥ (1 = 75)vs,

e,ve

spins 5 g

= ST (4 mha1 — (1~ 79)
XTr g’y (1 = 75)47° (1 — ) (5.132)
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Since 5 = 17°y!92~3 contains four 4*’s, the term linear in m in the first trace vanishes

becuase of the odd number of 4#’s in the trace. Noting that 75 commutes with p’vg,
we have

Te (p + 1%)7a (1= 75)8"78(1 = 95) = Trpyap'ys (1 — 75)° - (5.133)
Prs(l —75) 2(1 =)
Similarly,
Tr 7" (1 = 75)d'7"(1 = 75) = 2Trg'y* 47" (1 — 75) - (5.134)
Thus,
[MP? = GETrpyap'vs(1 — 7s) x Trg'y* 4"y (1 = 75). (5.135)
Using the trace theorems
Tt 708 = 4H9ua9vs = Guwdas + Jupdva) (5.136)
Try57, VeV Ys = 4i€uons (5.137)

we have

Trﬁ%ﬁ"yﬁ(l - 75)
= p"p" (Try,va %8 — TrYvs 7YYo V8)
= 4plup/y<guaglfﬂ — GuvYap + 9u89va — ieuauﬁ) . (5138)

Applying the same procedure to the second trace also, we obtain

Trpvap v5(1 = v5) = 4(Paly — PP Gap + pavlhy — 0D €uavs)  (5.139)
Trg'v*4v" (1 —v5) = 4(¢*¢" — ¢ - q9°° + ¢ —ig)q-¢"*?") . (5.140)
In each of the traces, the first three terms are symmetric under the exchange a < (3

while the last term is antisymmetric. Thus, when we take the product of the two
traces, the cross terms between symmetric and antisymmetric terms vanish; thus,

M2 = 16G% [(pap’g —p D' gap +aPa)(@¢" — ' -q9*" + ¢Pq%)
D" o e (5.141)
The first term 1is

|(apls + spl) = V' as| [(€°¢" + 4"¢%) — ¢ - q 9]

_ / / a3 18« A 7 af
= als + o 4+ —4p - cqg+p- . o
(papls + Papa) (40" + d°a™) —4p PG - a +p- P -4 gasy
2p-q'v-q+2p-qp' - 4
= 2(p-q'pq+p-qr-q), (5.142)
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while the second term uses an identity for a product of two €,,q4's:
"D 4 4o €parse”” = 2(p-q'p -a—p-ap’ ). (5.143)
—_——
€was€”” "= =2(g597 — 9595)

Finally, we obtain
IM|2 =64G%p-¢'p -q. (5.144)

Using 4-momentum conservation p = p’ 4+ ¢ + ¢/, we can relate p' - q and p - ¢

p—d)P=0W+q¢> = PP +d*-2p¢d=p"+ ¢ +2 ¢
=~ - =~
20 0 0
2
— p’-q:%—p-q'. (5.145)

In the C.M. frame of the parent, we have
p=(m,0) — p-¢d=mE, (CM. frame); (5.146)

thus, the spin-averaged |M|? can be written as

2
[MP = 64G% mE,, (% —mEy,). (5.147)
We can now use the 3-body decay rate formula (5.129) to obtain the differential
decay rate. The formula is valid for any two energies, £y and FEs, of the final state
as long as the parent is unpolarized. It is reassuring that indeed the expression of
| M]? obtained above does not depend on spacial direction: it depends only on the
energy of the electron antineutrino. It is then natural to take one of the energies to
be E;,. What shall we take for the other energy? Actually, it does not matter; we
could take F,, or E. and both should give the correct distribution. This means that
e~ and v, have exactly the same energy distribution (in the limit of m. = 0). Let’s
take Ey = E.. Then, we obtain

2
_ Grm

3

E,, (% ~ B, )dE,,dE. . (5.148)

ar

Now, when a particle of mass m at rest decays to three massless particles, the max-
imum energy of any of the daughters is m/2, which can be seen as follows: first,

p = p1 + p2 + p3 gives

m? — s
(p—m)® =p2+ps)? =823 — E1= TQ?’, (5.149)

m? — 2mE;
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where the invariant mass squared of the particle 2 and 3, so3, is given by

So3 = pg + p% +2paps = 2E9F3(1 — cos fa3) . (5.150)
0

Namely, the energy of a given daughter (F;) is larger when the invariant mass squared
of the system recoiling against it (s93) is smaller, and s93 is minimum, in fact zero,
when the angle between the particles 2 and 3 is zero regardless of Ey and Fs3. Setting
So3 = 0 in (5.149) the maximum energy is E; = m/2. Define the dimensionless
parameters x; (i = U, e,v,) by

EE%x 0<a; <1 (i=70ee1,). (5.151)
Then, the decay rate is written as
G2 5
dr = 11(;:; w5, (1 — 3, )dy, dz. | (5.152)

which gives the probability distribution in the plane of x;, vs z. (Figure 5.2). Not all
points in 0 < 25, <1 and 0 <z, <1 are kinematically allowed. When 25, =z, = 0,
for example, all energy has to be carried by v, to conserve energy, but it cannot have
any energy without violating momentum conservation. Energy conservation gives the
allowed region:

Es,+E.+E, =m — x5 +x.+1,, =2,

— Xp, +Te=2— 1y,
~
<1

— Xy, + e >1 (5.153)

which is shown in Figure 5.2. Taking only the allowed region, and projecting it on to
xy, and x. axes, we obtain the energy distributions for 7, and e, respectively. Since
v, should have the same energy distribution as e~ as discussed earlier, we see that
fermions (e~ and v,) have a distribution that peaks at the maximum energy, and the
antifermion (7.) has a distribution that peaks near the center.

The total decay rate is obtained by integrating (5.152) inside the allowed region.
Figure 5.2 shows that the integral in the the allowed region is the same as that in the
non-allowed region; thus,

r — /dF: /dl“:%/dl“

Tpe+Te>1 TpetTe<1

GEm® [l 1
= 590 o dxe/o dry,xy, (1 — x5,); (5.154)
—_——

i 1/6
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Figure 5.2: The probability density distribution (the Dalitz plot) of the decay u= —
v,e” V.. The density is proportional to the decay probability. The kinematically
allowed region is z;, + . > 1. The plot on the right shows the projections of the
allowed region on to z;, (solid line) and x. (dashed line).

thus, the total decay rate is

_ o GQ m5
T(pu~ — ve ) = ﬁ (5.155)
The experimental lifetime 7, can be converted to the decay rate:
7, = 2.20 x 107° (sec)
I 6.5822 x 1072° (GeV-
- r="= x (GeVesee) 9 99 % 10719 (GeV) . (5.156)

Ty 2.20 x 1076 (sec)

Together with m = 0.106 GeV, we then obtain G = 1.15 x 107° GeV~2. In order
to obtain a more accurate value, one needs to include higher-order processes where
photons are emitted from or absorbed by charged particles. The correction amounts
to a 0.42% reduction in the theoretical decay rate. The most up-to-date value is

Gr =1.16639(2) x 107° (GeV~2). (5.157)

Spin polarizations
The interaction (5.121) is a product of two currents each of which has the form a
vector current minus an axial vector current:

V(1 —v5)0 = 'y — Py 1) (5.158)
e A
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This V — A form of the interaction and the resulting Lorentz-invariant matrix element
(5.125) tells us how the final-state particles are polarized. Let’s write M as

M o (T, Yo Pruy) (W@ Prvy,) (5.159)

where P, = (1 — 75)/2 was defined in (3.365), where we have seen that P, (Pg)
acts as the helicity — (4) projection operator for fermions and as the helicity + (—)
projection operator for antifermions in the massless limit or, equivalently, in the high-
energy limit.

Suppose the spinor v,, represents an antineutrino with negative helicity. Since Pr
acts as the negative helicity projection operator for antifermions, v,, should satisfy

vy, = Prv,, (7. helicity —), (5.160)

then M vanishes due to P, Pr = 0 (3.347):

(T Pp vy, ) = (Wey® PLPrv,,) =0. (5.161)
- ~— =
PR Uue 0

This means that 7, cannot be created with negative helicity. Since the spin of 7,
should be either helicity + or —, the vanishing amplitude for negative helicity indicates
that 7, in the muon decay is in a pure helicity + state. Now, suppose the spinor u,
represents an electron with positive helicity. Then, to the extent we can ignore the
mass of electron,

ue = Pru. (e helicity +). (5.162)
Then, using @, = Pru, = 4. Pr = u.P; and Pry® = v*Pg, we see that M vanishes
again:

(e 4 Prov.) = (@ Py Pruv,,) = 0. (5.163)
UePr, ’YQPRPL =0

Namely, the electron is created with negative helicity. Similarly, we see that the muon
neutrino is purely left-handed. Thus, a massless fermion created by a V' — A current
is always left-handed (i.e. negative helicity), and a massless antifermion created by a
V' — A current is always right-handed (i.e. positive helicity).

One can use the helicity projection operator to calculate the decay rate where a
given (massless) fermion has particular helicity. As an example, let’s take the Higgs
decay H — ff where the mass of the fermion is small compared to its momentum,
and calculate the decay rate where the antifermion, represented by vy = vy, 3,, is
left-handed. We can still take advantage of the trace technique in the following way:
First, assume that the spin quantization axis is taken as § = p such that the two
possible polarizations correspond to positive and negative helicities. In evaluating
the spin sum of |[M|? = A?|t;1)? in (5.99), we can place Pg in front of v, and then
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sum over the spins of f and f. Then the matrix element should vanish unless the v,
represents a left-handed antifermion, and the resulting decay rate should correspond
to the case where the antifermion is left-handed. With u; = up 5 and ignoring the
fermion mass, we have

> |MJ? (f left-handed)

spins

= XY |wmPrvof* =X ) 0P urtty Pruy

spins spins _ ﬁl
= )\2Tr]é2 PL]él PR = )\2Tr]§2;‘)1 P12%
S~ ~~
P1Pr Pp
I+ A2
= NTrpop, L. —(Trﬁ2ﬁ1 + Tr%ﬁl%)
2 2 N———
0
)\2
= S Tejopr. (5.164)

This is exactly one half of the sum without any helicity restriction (5.99) with m = 0.
Thus, we see that f is left-handed 50% of the time. Similarly, one can see that it is
right-handed 50% of the time. In addition, a technique similar to the muon decay
case immediately tells us that the two daughters have to be both left-handed or both
right-handed. For example, if f is left-handed and f is right-handed, we can replace
uy by Pruy and vy by Ppvy, and the matrix element becomes

M x ULVy = PLU1PL’U2 = lePRPLUQ =0. (5165)

Thus, each daughter is unpolarized when viewed individually, but there is a correlation
between the polarizations of the two.

How can we calculate the rate where a fermion is polarized in some arbitrary
direction, or if the fermion is heavy, for that matter? Fortunately, we have a spin
projection operator for massive fermion or antifermion along any direction. All we
need is then to place the spin projection operator (3.277) in front of the spinor in
question
1 58

2

and then execute the spin sum, where s* is the boosted unit vector (0, §) which defines
the spin quantization axis in the rest frame of the particle, and the + sign corresponds
to the physical spin component along § in the rest frame of the particle. Note that
the same projection operator works for both fermion and antifermion. In fact, one
can insert the spin projection operator for f or f in the evaluation of H — ff and
show that the rate is always 1/2 of the total if the spin of f or f is restricted to

Wpt+s Wp,+5 (wps = uzz OF V5 3) (5.166)
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one polarization, and this is so regardless of the spin direction and even when the
daughters are massive. Namely, the fermion and the antifermion in H — ff are
unpolarized when examined individually regardless of the fermion mass.

5.5 Spin-1 Fields

We will now introduce spin-1 fields. Examples are the vector bosons W* and Z
which mediate the weak interaction, and in the massless limit we have photon which
mediates the electro-magnetic interaction. These are so-called gauge bosons which
are responsible for gauge interactions between fermions and sometimes called force
particles. A pair of fermions can form a spin-1 bound state (as well as other integer
spins), and this section applies to those bound-state particles also. As we will see,
the simple massless limit for spin-1 particle encounters difficulties, and the rigorous
treatment requires an understanding of a symmetry introduced by the masslessness
called the gauge invariance which will be discussed in later chapters. We start from
the Lagrangian formulation of free massive spin-1 field.

Lagrangian for a free massive spin-1 field

Let’s start from searching for non-quantized fields that can represent a spin-1 particle.
We have seen that single component real field can represent a single spin-0 particle
which is reasonable since a spin-0 particle at rest has only one degree of freedom. A
spin-1 particle at rest, on the other hand, have three degrees of freedom:

where 7 is the absolute value of the spin and m is the component along some axis.
Then, we expect that we need three components of real field to represent it. Also,
the three components have to transform under rotation in a way consistent with a
spin-1 particle. We recall that under a rotation the Dirac field transformed as

V() =Upe) U=e7%, (5.168)

and the generator J = & /2 satisfied the commutation relations of angular momentum
[Ji, J;] = degrde and J2 = j(j + 1) with j = 1/2 (3.158). In our case, we need
three components that transform under rotation by e~0J where i, i = i€ i
and J2 = j(j +1) = 1(1+ 1) = 2. Actually we already have such quantity - the
space components of a 4-vector. In fact, we have seen that a rotation in the ordinary
three-dimensional space can be written as e~/ with (J;);x = i(L;)7, (3.160):

0 0 O 0

0 1 0
Ji=il0 0 —1|, L=il 0 00|, Js=il1 0 0], (5169
01 0 -1 0 0 0 0 0
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and that J defined as such satisfy the commutation relations of angular momentum
operator. Recalling that (L;)7, = —¢;), (1.101), the components (J;) jx is nothing but
(—1%) times the structure consant €;j:

(Ji)je = —i€iji - (5.170)

It is a general feature of Lie algebra that a representation of generators can be con-
sturcted directly out of the structure constants, and such representation is called the
adjoint representation. For the absolute value of the spin, explicit evaluation using
(5.169) indeed shows that it is spin one:

JP=2 — j=1. (5.171)

Thus, in order to represent a spin-1 particle, we take a real 4-vector field which
transforms under Lorentz transformation as

APy = AF A (2)| (2 = Ax). (5.172)

There are, however, four degrees of freedom for A* (u = 0,1,2,3) while we need
only three. We will try to remove the one extra degree of freedom by imposing the
condition

9,A*(z) = 0. (5.173)

Let’s try to see what this means by applying it to plane waves
A (x) oc eFPT (5.174)
The condition 9, A*(x) = 0 is then written as
puAt(z) =0, (5.175)
which reads in the rest frame of the particle as
p=(m,0) — mA%x)=0 — A%xz)=0 (if m #0, at rest). (5.176)

Thus, the condition 9,A"(x) = 0 removes one degree of freedom out of the 4-vector
such that for a particle at rest the time component A° is zero while keeping the 4-
vector nature of the field intact. The condition 0,A*(z) = 0 is called the Lorentz
condition which is a transversality condition in the four-dimensional space-time.
How about the equation of motion and the Lagrangian density that leads to it? In
order to be consistent with the relativistic energy-momentum relation p°° = 5> +m2,
each plane wave solution, and thus any free-field solution, should satisfy the Klein-

Gordon equation
(O +mHAM(z) =0  (1=0,1,2,3). (5.177)
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If we can regard each component as independent, then the total Lagrangian density
would be simply the sum of the Klein-Gordon Lagrangian density for each component:

» 1
L= —5(8VAM8"A“ +m?A,A"), (5.178)

where we were ‘forced’ to flip the sign for the Lagrangian density of the time compo-
nent A%(z) in order to make the whole a Lorentz scalar. One problem, of course, is
that this has four dynamical degrees of freedom instead of three. One way to remove
one dynamical degree of freedom is to eliminate the time derivative of one component
so that the corresponding conjugate field vanishes. This can be accomplished in a
Lorentz-invariant way by forming the antisymmetric combination

FrvE A — grAY, FR = VR (5.179)

which has no A9 in it:

FO =04 - 9°A% =0, (5.180)
and try the following form

1 2
L= —FuF" + %AMA“. (5.181)

The ‘kinetic term’ F),, F'*” can also be written as
F,F" = F,(0"A" — 0"A")
= FL0"A" - F,, 0"'A”
—~—

~F,,
= 2F,,0"A" =2(0,A, — 0,A,)0" A" (5.182)
namely,
1
L= (0,4, — 0,A4,)0" A" + m? A, A" (5.183)
Let’s apply the Euler-Lagrange equation to derive the equation of motion:
oL 9
=m-A” 184
oA m (5.184)

and with some care,

or 1o
S A, — 0,A,)0" A
A~ 200,A O — AN A
Y 1o
S — N S Ly [ e——— R > LA [
28(05A,) A = S B, a) OO
_ 9hAP 9P ae

= [Po = B, (5.185)
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Thus, we obtain

oL oL

=0 Oy FP 24 =0 5.186
aAa ﬁa(aﬁAQ) (€] +m ) ( )

which is the equation of motion for a massive spin-1 particle and called the Proca
equation. Taking 0, of this and assuming that m is non-zero,

0a08F P +m20,A* =0 —  0,A°=0 (m#0), (5.187)
—_————
— 0 since { 1(2%25 ::_aﬁgi

which is nothing but the Lorentz condition (5.173). Writing out F*® in (5.186) and
using 9, A% =0,

0 = 0pF*F +m?A~
= 03(0°A* — 9°AP) + m*A°
= 0?A“ — 0, 03A" +m*A*

——
0

— (P +m*A* =0. (5.188)

Thus, the Lagrangian density (5.181) leads to the Klein-Gordon equation for each
component and one degree of freedom is removed in a way consistent with the Lorentz
condition. The Proca equation can then be thought of as a 4-component Klein-Gordon
equation with the Lorentz condition built into it.

The fields conjugate to A® can be obtained by simply setting 5 = 0 in (5.185):

oL
1= — = [, (5.189)
OAq
or ' '
=0, 7w =F" (5.190)

Thus, as promised, there is no conjugate field for A°. In fact, A° can be derived from
the rest from the fields in the Hamiltonian formalism: setting a = 0 in the Proca
equation (5.186) and using F'% = 0, we have

m*A® = —0, F" = -V -7, (5.191)

7TZ

where we note that V-7 is the difference of neighboring values of 7 and not considered
to be a new independent field.
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Momentum expansion and quantization

Now we will momentum-expand an arbitrary solution of the Proca equation A*(z),
namely, a real 4-component field that simultaneously satisfies the Klein-Gordon equa-
tion and the Lorentz condition. Following the same procedure as in the case of the
real spin-0 field (4.167), each component of A#(x), which satisfies the Klein-Gordon
equation, can be uniquely expanded using the normal-mode functions e;(z) and ex(x).
Thus, we have

AMa) =Y (Akep(w) + Alex(z))  (p=10,1,2,3). (5.192)
2
At this point, A7 is a complex 4-vector. The Lorentz condition J,A4%(x) = 0 then
becomes

0, A (x) = —ZZ (pu sep(w) — pu A es(w )) =0, (5.193)

where p° = 1/p” + m?2 as before. Applying [ d>ze’(z)i 9o and using the orthonormal-
ity (4.175), the Lorentz condition translates to

puAl =0 (for all p). (5.194)

The 4-component quantity AI’; that satisfies this condition has three degrees of free-
dom, and we want to expand it using some three orthonormal 4-vectors. The situation
is similar to the momentum expansion of the Dirac field where any complex 4-spinor
was uniquely written in terms of the orthonormal set (uz 15, v_j5+5). We will find the
unique expansion of Ag as follows: We first boost p* and A* into the frame where p#

is at rest, namely p* = (m, 6) In that frame, the condition pMAI’)i = 0 becomes
mAy=0 — AL =(0, A5 (rest frame). (5.195)

Then, the 3-vector /Tﬁ can be expanded using three orthogonal unit vectors €51, €,
and €z3. To define them uniquely, we take €53 in the p direction, €z in the direction of
p'x z, and then éz is taken so that the three unit vectors € (¢ = 1,2, 3) form a right-
handed coordinate system. In the following, the specific way to define the azimuthal
orientations of €5 and €z is not important as long as €z is in the p’ direction. Thus,

A}; in the rest frame can be uniquely expanded as
3
Z apép  (rest frame), (5.196)

or including the time component (which is zero),

3
g- = Z p,\epA , (5.197)
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with
e = (0,€3) (A =1,2,3, rest frame). (5.198)
The original Ag is obtained by boosting (5.197) back to the original frame, which

can be accomplished simply by boosting el’é/\ in the expansion while keeping the same
expansion coefficients azy. The boost is given by

(EE(/T) B (g Z) <Zi> , with npt = (y,7) = (p% %) (5.199)

)

The boosted 4-vectors in the original frame are then (dropping the primes)

eg‘l = (0, éﬁl) y
EZQ = (0,ém) , (5.200)
e = (1,7D),

forming a basis called the linear basis. These 4-vectors are sometimes called the
polarization 4-vectors. The original A% is thus uniquely expanded as (5.197) where
eg)\ are taken to be the boosted polarization vectors given above. Then, the expansion
of A¥(x) (5.192) is now written as

A (z) = Z)\: (aﬁ,\e;%\ es(x) + a;Ae;i; e}(m)) (5.201)
7
or
AM(z) = ZA (aﬁAhg.A(x) + a}khgﬁ(x)) (5.202)
7
with
Wi (2) Z éhep(a). (5.203)

We have written a;)\ instead of az, anticipating the quantization of the field. Alter-

natively, one can define the helicity basis as

o
=

€ .
€§+ = —%(e;’gj + Zegg)
ey Z e (5.204)
po def 1/ p -
Eﬁ— = "—75(615-1 — Zﬁm)

In the rest frame of the particle, the space components are then (the time components
are zero)

& = — 5 +iém)
€ = €3 (rest frame : p'=0). (5.205)

E’ﬁ, = —|—\/L§(€ﬁl —Z'éf,g)
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We will now show that these polarization vectors correspond to the eigenstates
|7,m) = |1,1),|1,0), |1, —1), where the spin axis is taken as €z (namely, J3 represents
the helicity). Using the explicit expressions for J (5.169), we see that the eigenstate

|1,0) is given by (0,0, 1):
0 0 -1 0 0 0
Llol=il1 o oflol=0 — j1,00=]0 (5.206)
1 0 0 0 1 1

The states |1,1) and |1, —1) can be constructed from |1,0) by applying the raising
and lowering operators:

0 0 =1
Je=htihb=] 0 0 —i |, (5.207)
+1 ¢ 0

whose action on |7, m) is given in general by

Vil +1) = m(m £ 1)j,m £ 1) = Je|j.m).
For [j,m) = |1,0), we have j(j +1) —m(m £ 1) = 2, and thus
0 F1 1 F1

V2L, 21y = J 1,00 =J. |0 =| =i | — |L,£1)=—]| —i|. (5.208)
1 0 V2 g

Namely, |1,1), |1,0), and |1, —1) are represented in the three-dimensional space by

0 e
Cloy=lol, 1,-1=—]|-i]. 5.209
|1,0) : 1,-1) vl (5.209)

1
1
11,1) = —— | i

V2o

These are nothing but the polarization vectors éz;, €z, and €5 given in (5.205) where
the coordinate axes are é5 (1 = 1,2, 3).
In the helicity basis, the corresponding expansion coefficients are given by

apr = —5(am —iam)
aﬁo = aﬁg (5210)
a— = +%(aﬁ1 + iaﬁz)

Then in the momentum expansion (5.201), the sum over the linear basis becomes the
same as the sum over the helicity basis:

L P I p 1 B 1
Ut €5y T Ap_€5 = Q€5 + A€y, Apcs = AF3€53 ,
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— > apréy = > (pr€hny - (5.211)
A=1,2,3 A=+,0,—

Thus, the momentum expansion (5.202) is valid for A = 4,0, — (helicity basis) as
well as for A = 1,2, 3 (linear basis). Also, the relations

€ = 0w, Prepn =0, (5.212)

hold for A = 1,2,3 and +, 0, —, which can be trivially proven for the linear basis in
the rest frame which can then be extended to the helicity basis using (5.204).

In dealing with massive spin-1 particles we often encounter a polarization sum of
the form

> ehen (5.213)
A

where the polarization vectors refer to a given particle (not different particles). This
is the spin-1 equivalent of > ;uz 55 and > ;v; 5055 To evaluate this, we first note
that it is a Lorentz tensor; thus, we can evaluate it in the rest frame (p" = 0) and
express it in a Lorentz-covariant form, then it will be valid in any frame. In the rest
frame and using the linear basis, we have

wo:0,1,2,.3
75{ = (1,0,0,0)
€, = (0,1,0,0) (5.214)
e§2 = (0,0,1,0)
€ = (0,0,0,1),

where 75 is n* = p"/m evaluated in the rest frame. If we regard each column as a
4-vector and take the inner product of p-th column and v-th column, we see that the
following expression holds numerically:

meng — Y ke =g"  — Y eleg = —g" +ukng. (5.215)
A=1,2,3 A=1,2,3
Now we boost the above equation on the right, or more precisely, multiply both sides
of the equality by A*,A?, and sum over u and v, where A is the boost that takes the
rest mass m to p*:

> A%, Mg, = = AN " + A%l AP (5.216)
A—1,2,3T“f—/ T Ha—/\—v—/
€ g o’
namely,
Do enepm =g+’ (5.217)

A=1,2,3
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Using the definition of the helicity basis (5.204), we can show that the helicity basis
version is related to the linear basis version by

Yo o= D enen. (5.218)

A=+,0,— A=1,2,3

Then, the relation

Z w PP (2123 or 4,0,-) (5.219)
Ep)\ep)\__ W =1,4,0 Or s Yy T .

works for both the linear basis and the helicity basis.

Now, we quantize the field by regarding the expansion coefficients as and in-
troducing commutators among them. Since the spin is an integer, we have to use
commutators instead of anticommutators.

[agn afn] = Gpp0an (5.220)
[aﬁ)\) a’ﬁ/)\/] = [CL}»\, a/;v)\/] == O,

where one can use either linear or helicity bases, and both are consistent. With
the help of the polarization sum formula above, this set of commutators leads to
equal-time commutators among fields given by

[A;(t, Z), 7 (t, 7)) = igl&3(x—2'), (5.221)
[A;(t, ), A (t, &) = [m(t,2),n’(t,&')] = 0. '
Exercise 5.4 Quantization of massive spin-1 field.

(a) Use the commutation relations of creation and annihilation operators (5.220) and
the momentum expansion (5.202), where A\ = +,0,— or 1,2,3, to derive the equal-
time commutation relations (5.221).

(b) Show that the commutation relation between A*(x) and A¥(x') at two space-time
points x and x' is given by

ooy

(A (), A (2)] = (= g™ — =35 )ild(w — o). (5.222)
Is the microscopic causality satisfied?
(hint: The conjugate field can be written as
T = =iy (agaFy — a;’/\ o) with Fiy = p'hly —p°hly . (5.223)

You will need the polarization sum formula - eh sy = —g* + p'p” /m?.)



236 CHAPTER 5. INTERACTING FIELDS

Charged spin-1 field

Just as we combined two real scalar fields of same mass to form a single complex
field that represents a ‘charged’ scalar particle, we can combine two real vector fields
to form a single complex vector field that describes a charged spin-1 particle. Such
a field can be used when particle and antiparticle are distinct such as W* bosons.
Thus, we combine two real vector fields A}, and A, as

Ap(@) = —= (AL(2) + i42()) (5.224)
V2

The Lagrangian density of the whole is simply the sum of the Lagrangian density of
Al and that of A%:

Lo i m? i pd
E - £1 + EQ - _ZF‘U'VF - + TA‘U'A K (5225)
where the sum over ¢ is implied and
Fi,Z 0,A4L —9,AL (i=1,2) (real). (5.226)

Defining the antisymmetric tensor F},, for the complex field A, in the same way,

def

F., = 0,A,—0,A, (complex), (5.227)
we have
1 1
Fu = —=[0(A} +i42) = 0,(A} +iA2)] = E(F,}V +iF2,); (5.228)

V2

then the kinetic term can be written as

* v 1 . v . v 1 % iz
Fr P = é(F;,, —iF ) ('Y i FP) = 5 P F (5.229)
Similarly, we have
AT AF = 5(14; — A% (AY 4 i AM) = FALA™ (5.230)
Thus, the total Lagrangian density can be written as
1 * v 2 Ax
L= —§FWF“ +m” A, A" (5.231)

The momentum expansion of the complex (namely, non-hermitian) vector field pro-
ceeds similarly to the charged scalar field case: we define

o
@
=

Aa (alﬁ,\ + iagw\)

(5.232)

o
@
[

by

SRS

(a1 — tagp)
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where a;z are the annihilation operators for the vector field AL(.CE) Then, using the
expansion (5.202), the non-hermitian field A* is written as

Atw) =3 (aphliy (@) + by b ()

DA

(5.233)

where the normal-mode functions A (z) are the same as before. Using the commu-
tation relations (5.220) for each of the two real fields together with the assumption
that operators belonging to different fields commute, we obtain

[aﬁ/\, a;,,\,] = [bﬁ)\, b;[f’X] = (5]3 -‘/(5)\ P
e 5.234
all others = 0. ( )

As in the case of a charged scalar field, a;)\ is regarded as a creation operator of
a particle and b;g.A as that of its antiparticle. This interpretation is justified by the
conserved quantity ) corresponding to the invariance of the Lagrangian density under
the phase transformation

A (2) = " A (x). (5.235)
The same procedure as before leads to
Q= _(afhap — bjbp) (5.236)
)

which shows that an a-particle carries charge +1 and a b-particle carries charge —1
regardless of momentum and spin.

Weak decays - W-fermion coupling
Weak decays are mostly caused by couplings between the massive charged spin-1
particle W¥* and fermion currents. Decays such as W+ — etv,, 7% — ptv,, and
w- — v,e v, are some examples. Often, W-fermion couplings are hidden inside
effective couplings. For example, even though 7" is a spin-0 particle, quarks (which
are fermions) inside couple to W which then creates the p*v, pair. In p= — v,e 7,
the current 1~ — v, couples to W~ which then creates the e 7, pair.

The W particle can be described by the charged spin-1 field introduced in the
previous section. The W — ev, coupling is a V' — A coupling given by

g (-
Liw = 575 (Zevu(1 = 75)e) W + hc. (5.237)
where W*(z) is the charged vector field for W* (W+ = particle, W~ = antiparticle)

and v.(z) and e(x) are the short hands for v, (z) and .(x), respectively. The
constant g is the universal coupling constant g ~ 0.65.



238 CHAPTER 5. INTERACTING FIELDS

In the standard model, leptons appear in three ‘generations’:

S0 (g) (:“) (:) (5.238)

where @) is the electrical charge and all particles shown are fermions as opposed
to antifermions. They have exactly the same types of interactions, including weak
interactions, with only difference being the charged lepton masses

me = 0.000511GeV, m, = 0.106GeV, m, = 1.78GeV . (5.239)

Unless otherwise stated, we assume that all neutrinos are massless. Thus, W-lepton
coupling is written as

9 (- .
Lins = ﬁ(mﬂa — )l )W+ he (i=1,2,3)], (5.240)
with
(V17V27V3) = (Veay,uaVT)a (61762763) = (67M77—>7 (5241)

and the sum over ¢ = 1,2, 3 is implied. Quarks also come in three generations,

o= () () G) e

and couple to W in a similar way:

g = .
£int = 2—\/5‘/” (U17p(1 — "}/5)Dj)W‘u + h.c. (Z = 1, 2, 3) y (5243)
where
(U1, Uy, Us) = (u,c,t), (D1, Dy, D3) = (d, s,b) , (5.244)

and sum over ¢, j = 1,2,3 is implied. The set of constants V;; is called the Cabibbo-
Kobayashi-Masukawa matrix (the CKM matrix) and the element V;; specifies the
strength of coupling between the U;-D; current and W in units of the W-ev, coupling.
It turns out that V' is unitary (the standard model requires it theoretically, but it is
also consistent with experiment) and that the diagonal elements V; are nearly unity
while cross-generational couplings are suppressed but finite. Note that in the W-
lepton couplings there is no cross-generational coupling. Approximately, the sizes of
|Vi;| are given by
I X )
Vi~ A 1 A\ (A ~0.22). (5.245)
DI T
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Also, it is believed that there are relative complex phases between V;; which result in
violation of C'P symmetry. For example, the W-tb coupling is given by

L= f th (Fyu(1 = 75)b)W* + hc. (5.246)

Actually, quarks come in three colors, and the same interaction above repeats for
each color. That is, the current U;7,(1 — ~v5)D; is understood to be

U%L(l —75)D Z Ut Yl — 75)D (5.247)

where the sum is over a = red, blue, green. The W-quark coupling does not change
color, namely there is no coupling with color-changing currents.

W decays

We will first calculate the decay W' — etr,. Other decays such as W+ — pty,
are essentially the same. The interaction responsible is given by (5.237) or using the
projection operator P,

4, (a) p
w* (k) Ling = ﬁ(ﬂemPLe)W“. (5.248)

Ve (P)

What is the Lorentz-invariant matrix element? The situation is nearly identical to
that of H — tt. This time we have

(F|Cintl) = (Ofbeay, = (Zey, Pre)W*aly|0) (5.249)

V2
where the subscripts e, v,., and W for the creation or annihilation operators indicate
that they are for the corresponding particles of the initial and final states. The rule
for the final state fermion or antifermion stays the same; namely, v, will pick up ,,
and et will pick up v.. When the vector field W* is expanded as

W =" (amhly + bl (5.250)
5

the annihilation operator ag, that matches aW (= aEQ of the initial state comes with

the factor A (z) = €& ex(z ) The e(z) factor will become part of the delta function
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for energy-momentum conservation and the normalization in the definition of M and
e%/\ will be included in M:

(2m)*6*(p +q — k)
V(2P°V)(2°V ) (207 )

(5.251)

Sy = i/d4x(f|£int|i> _

with

M = i% (T, PLve)€" (5.252)
where €/ = 6%/\. If the initial state is W™, then the matching annihilation operator
bz, is in W# which appears in the hermitian conjugate term, and the normal-mode
function associated is again h’ék(az). We note that regardless of particle or antiparticle,
an annihilation operator is associated with h;i/\ and a creation operator with hg;.
Thus, the rule is to include in M the factor e* for a spin-1 particle in the initial state,
and the factor e/* for the final state regardless of particle or antiparticle:

initial state | final state

spin-1 € € : (5.253)

(for particle or antiparticle)

Let’s proceed to calculate the decay rate of W+ — e*v,. Since e*v, is created by a
V' — A current, e' is right-handed (to the extent that m, is small) and v, is left-handed.
We will, however, sum over the spins of et and v, to take advantage of the trace
techniques. We assume that the initial state W™ is unpolarized, and thus take average
over the three possible helicity states or equivalently the three linear polarizations.
Thus, we will evaluate the sum of |M|? over all spins and divide by three to obtain
the spin-averaged (unpolarized) |M|?: with my = m and m, = m,, =0,

1
MP = 5 Y IMP
spins
2
3.9 (T Y Prve €) (U, 1 Prve €”)
spins

2
- % Z Ve PR Uy, Uy, Yo Prve Z e"*e”

spins spins
_g/“/ + k:;{_k;
92
- E [ - Z @ePR’YMUVeﬁVefYHPLUe
spins
1
+ﬁ Z @ePRkuyeﬁyekPLve . (5254)

spins
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Now, the second term vanishes as follows: the Dirac equations in momentum space
for u,, and v, are (with m, =m,_ = 0)

ﬁve = 07 guue == 07 (5255)
thus, using £ = p + ¢, we have
Ve Prifwy, = U Pr(p + 4wy, = Ue Prp uy, = pve Pru, = 0. (5.256)
—— —— ~~
0 pPL 0

Incidentally, a similar calculation shows that
(W55 (a + bys)wg o]k =0 (w,w" = u or v, massless) (5.257)

where a and b are arbitrary constants and k is any linear combination of p and p'.
Thus, discarding the second term in (5.254) and executing the spin sums, we have

2 2
IMP = _% > 0ePr Y, Uy, ¥ Prve = g—Triﬁ Pri PL
spins 3
—>g ﬂjPL
—_——— N——
—24 4P
2 2
g 29
9 (1A = 29 5.258
dp-q

where we have used y,¢v* = —2¢, Pf = Pr, Trgpvs = 0, and Trgp = 4a - b.
Squaring k = p + ¢ and using m. = m, = 0, we get m? = 2p - ¢

2

m
Using the 2-body decay rate formula I' = (|p]/87m?)|M|?2, we obtain,
e
r(wt ) = Z—m. 5.260
W ety = Lom (5.260)

With g = 0.65 and m = 80 GeV, we obtain ['(W* — etv,) = 0.224 GeV. The total
decay rate of W is obtained by summing up the partial decay rates over all possible
final states, which are

mode: e*v. pty, 77v, wud  us  ub  ed 5 b

5.261
Dol 1 1 [Vl [Vie? [Vil? Vil [Viul2 Vg2 0280
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where the decay rates are given in the unit of T'(W* — e*v,). The W boson can also
couple to td, t5, and tb; the mass of t (~ 175 GeV), however, is heavier than that of
W, and thus such decays are prohibited. We have assumed that the fermion masses
are small, which is a good assumption since the heaviest in the list is m;, ~ 5 GeV
which is still much smaller than my, ~ 80 GeV. Recalling that quarks come in three
colors, and using the unitarity of the CKM matrix

Z ViVie = 0k, (5.262)

the total decay rate is

Tiot = D(WF = et (3 + 3(|Val® + [Vas® + Vo + | Veal” + [Ves* + Vs )

T 1 1
67 /’1/7 T
— 2.02 GeV. (5.263)

The experimental value is I'yy = 2.08 £ 0.07 GeV. Since the value of ¢ is deter-
mined from elsewhere - as we will determine from the decay = — v e~ 7, later - the
agreement is quite remarkable. This also supports that quarks indeed come in three
colors.

5.6 v,e — u 1, scattering

Next, we will consider another W-mediated interaction v,e” — p~v.. The main
purposes are to introduce the scattering cross section and the W -propagator. Let’s
start from the first.

Scattering cross section
Consider a general scattering interaction a +b — 14+ 2+ ... + n, where a is the
projectile particle, b is the target particle, and 1,2, ..., n are the final-state particles.
The concept of scattering cross section is just about the simplest way to define the
‘likelihood’ that a projectile interacts with a target. When single projectile particle is
traveling with velocity v in a uniform target medium where the density of the target
is n particles per unit volume, the probability to interact within a time window T
is proportional to the time duration 7', to the velocity v, and to the density of the
target n (assuming that the probability is much less than unity). When these ‘trivial
factors’ are removed, then what is left is the scattering cross section which happens
to have the dimension of area.

As a simple example, consider the classical case where each target is a sphere of
radius r which is at rest in the laboratory frame, and the radius of the projectile is
small enough to be neglected. The probability that the projectile will hit a target in
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areac 5 target\
r

S0

projectile

\j

-
gt

vT

Figure 5.3: When a target center is located within the cylinder of cross section o = 7r?
and length vT', the point projectile will hit the target.

time 7' is the probability that a center of target is located inside the cylinder of cross
section 0 = 7r? and length vT' (Figure 5.3). If the probability is small enough, we can
neglect the chance of finding multiple targets in the cylinder. Then, the probability,
or the expected number of collisions NY, is given by

N® = n x (volume of the cylinder) = novT . (5.264)

This formula is valid even when the target medium is also moving as long as the
velocity of the projectile (¥,) and that of target (1) are parallel to each other. In
such case, n is still measured in the laboratory frame, and the velocity v is understood
to be the relative velocity of projectile and target measured in the laboratory frame:

def \,

vE T, — Ty (5.265)
Now, suppose that there are p projectiles in unit volume measured in the laboratory
frame. Then, there are pV projectiles in a volume V' on average, and for each projec-
tile, the probability to interact in time 7" is N = novT. Thus, the probability N to
see an interaction in the volume V in the time duration 7T is

N = pVN° = pVnouvT. (5.266)

For general scattering a +b — 1 + 2+ ... + n where the target does not have a
classical target area, this relation defines the cross section o. The cross section do for
the final-state particles to scatter into the momentum ranges py € d&®p; (f =1,...,n)
is then defined by

dN = pVndovT (5.267)

where dN is the probability to find the final state in the specified momentum ranges.
On the other hand, the same quantity dN is given by summing |S};|*> over the corre-
sponding final states. Since the initial state i) = ala}|0) corresponds to having one
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projectile partile and one target particle in the entire volume V', we have
1 1
pP=v projectile density, n = v target density . (5.268)
Thus,
9 T’
AN = Y |Su]? = pVndovT =do v (5.269)
PFEd3py
Using the definition of M (5.107)
2 454 u _
V@00V (290V) T (295 V)
and the identity (5.87), we have
V
v pred3py
(2m)*0%(pa +po — X ps)VT by (5.85)
_ V(@) 0 (pa + po — Xy pp))?
oI (205V) (2P V) TT (205V)
(2m)* 4 dgpf
= 5*(pa 5.271
2p52pf v M (Pt = pr H (2m)32p% (5.271)
or
2m
do = 27" M |2d, (5.272)

AE, Eyv

where the n-body Lorentz-invariant phase space is given by (5.109) with P = p, + ps

(the total 4-momentum of the system).

The factor E, Fyv is sometimes called the ‘flux factor’, and they can be written in

two typical cases as

a5 b e B
o—— o (batrest) E,Eyw= E, E,0v=my|py| (5.273)
’ﬁa’ ’ﬁb‘
a p -p b —— —
° ® (CM) EaEbU == EaEb(’Ua| + |1)b‘) == Ea’Ua| Eb + Ea Eb|vb|

M : invariant mass

— (Bt By) 7 = M.

(5.274)
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Following the calculation of the two-body phase space in the C.M. frame (5.96), but
this time without integrating over the direction of pj, we obtain (left as an exercise)

where M = E, + Ej, is the invariant mass or the total energy in the C.M. frame, and
dQ) = d¢dcosf is the angular element of pj} where (6, ¢) is the polar coordinates of
p1 with respect to p,. Together with the cross section formula (5.272) and E,Eyv =
M|p,|, we have

do M2 |5
= — = +b—1+2, CM). 5.276
dQ (87 M)? |pa| (a ’ ) ( )

If the above cross section does not depend on the azimuthal angle ¢, then it is a
function only of 8 only, or

def S -
t= (pr—pa)® =mi+m2+ 2(ELE, — |p1||pa| cosf) . (5.277)

Changing the variable from 6 to ¢, we obtain (left as an exercise)

do MP
— = b—1+2 5.278
dt 167 A\(M?,m2,m3) (a+b—=1+2) ( )
with
Az, y, 2) Loty y? + 2° — 2wy — 2yz — 22z, (5.279)

and this formula is valid in any frame. For completeness, we give a general 2-body
formula for the case b is at rest:

i _ AIMP
dQi 64mmy|p,| [mb + Eq (1 — % cos 0)}

(a+b—1+2, batrest).| (5.280)

Exercise 5.5 Verify (5.278) and (5.280).
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Let’s get back to the scattering v,e” — p~v.. This process occurs through W
exchange between ev, current and v,u current. The responsible interaction is a part
of the general W-lepton couplings (5.240):

where we have defined i, to be the ev, current and j, the v,u current. The initial

and final states are
i) = alal, |0), |f) = a}a]

NVe

0); (5.282)

thus, the non-vanishing term in Sy; = (f|S|i) should contain afaf, a,,a.. When the
fields are momentum-expanded in L;,;, however, each term contains a product of
three creation or annihilation operators; so the first-order term in the Dyson series
vanishes. Let’s try the second-order term

S — (_—;)2/dtdt’T(h(t)h(t'))

_ _% / dt dt' T ( / B Hon (t, 7) / dr M (t, 7))

(using the linearity of T-product)

1
- — / &7 d'%' T (Hing (2) Hine (7)) - (5.283)
Assuming that there is no time derivatives in L, we have L,y = —Hiy; then the
S-matrix element is
1
St = —3 /d4x d*a' (f|T(Lint(z) Ling(2')|3)  (second order) . (5.284)

Using the interaction Lagrangian (5.281) and writing out the hermitian conjugate
parts, we have

(fIT(L mtﬁmt)|'>
O|auaye ( Qo |+ Jo) W+ L—I—)WO‘T]

< [([ig]+ W + ) +| 8 )Wﬁ’q>alaiu|0), (5.285)

where the primed quantities are understood to be functions of 2’. There are many
terms, but which will survive? Out of the required aLa,T,e ay, e, the pair af,e a. is found
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in 7, = Ve, Pre, and the pair aLa,,u is found in ji = o Pr v,. Thus, the surviving
terms should contain both i, and j! where they could be functions of z or 2" and the
indices could be a or 3. There are two such terms:

(FIT (Line Lin)|2)
2
= L (0lauay, [ TEW W) + TGIW W) |alal, 0).  (5.286)

2
(a) (b)

Now, the two T-products gives identical results when integrated over x and 2/, which
can be seen as follows: with f(z) = i,W* and g(z) = jiWweT,

(@) = T(f(2)g@) “ 2 T(f()g(@)) = T(g@) () = (), (5.287)

where we noted that the ordering of f(z') and g(x) inside the T-product is irrelevant
since the ordering is uniquely defined by which of 2% and 2% is larger after all. Thus,
(a) and (b) are related by the exchange x «» 2, and thus give the same value when
integrated over x and z’. We will thus evaluate the first term only and then multiply
the result by two which will cancel the factor 1/2 of (5.284).

Remark
The n-th order term of the Dyson series is (by the same derivation that led to the
second order expression)

S = (;Z‘) / d'y . d'e, T (M) - M (20)) | (5.288)
where terms related by permutation of (zi,...,x,) give identical results as we have

seen for the second order case. There are n! such terms and it cancels the factor 1/n !
in the expression above. Thus, we can ignore the factor 1/n! of the Dyson series if we
evaluate only one term out of those related by the permutation of (z1,...,z,). When
same field appears m times (m > 1) in Ly, where ¢ and ¢! of a charged field are
considered different since they contain different creation and annihilation operators,
then this protocol (usually) under-counts the number of combinations by factor of m !
for each space-time integration. For example, if the interaction is L, = A¢*, then
the first order matrix element for 1 4+ 2 — 3 + 4 would be

Sy =i\ / d'z (0laz,az 6 (z)al; o, |0) (5.289)

p1 P2

where there are m ! ways to match agz,a; and ajﬁ a:;Q with those in ¢* each giving iden-

tical result. Such a factor is usually taken into account by re-defining (augumenting)
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the coupling constant by the factor m!: e.g.

1 " S
Lini = EWL' SN (5.290)

Then, if we take the vertex factor to be simply A and proceed with the Feynman rules,
the factor 4! above will be properly accounted for. There are exceptions, however,
which occur when there are extra symmetries in the diagram. Such symmetry factors
will be dealt with when we encounter them. I

Note that if one operator, say A(tx), commutes with all others in a time-ordered
product T'(A;(t1) ... A,(t,)), then it can come out of the time-ordered product:

T(Ai(t) . Aultn)) = A,l(tl).. Azn(tzn) (ty, >...>t )

= Ak( z . Mkz Azn tzn ( oz tin)
= Au(ty) ( i (ti) - Ble) - Ai(t)) (5.291)

In T(i,WW® ngﬁ’T), iq and jg commute with each other and with W fields; thus, i,
and jg can come out of the T-product. Then, the first term in (5.286) is

(Olayav,iajd T(W W )alal |0)
= (0|T(Wews ,,aTTTo
(o7( )auawgeyH
1= i)
= <0|T(W°‘W6’T)|O>(0|a#al,giajgalaiﬂ|0>. (5.292)

We have inserted 1 = Y, |#)(i|, where i runs over all basis states, of which only |0)(0]
survives as can be seen as follows: There are only spin-1 fields to its left (call it A)
and only fermion fields to its right (call it B). Then, in the matrix element

(0[Al4) (2| B|0) (5.293)

if |4) contains any spin-1 particle, the corresponding annihilation operator in (i| faces
the vacuum to its right and the matrix element vanishes.Similarly, if |7) contains any
fermion, then the corresponding creation operator faces the vacuum to its left and
the matrix element vanishes. Thus, the state |i) cannot contain any spin-1 particle
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nor fermion leaving the vacuum state as the only non-zero possibility. By the same
technique, we can write the second factor in (5.292) as a product of two currents:

(Olaay, iajdalal, |0) = (Olay,iaal a,jial |0)
—_—~

1=l

= (Olav, iaal|0)(0]a,.jal, |0)

= (Veliale) <N|Jg|yu> ) (5.294)
where we have written
v Z al [0y, ) Z alo), et (5.295)
Thus, S¢; is now
2
g o . .
Spi ==L [ d'wd s QT W W) 0) (veliale) (7] ). (5.296)

As we will see below, this form of transition amplitude has an intuitive physical
interpretation. If we divide the W field into the creation and annihilation parts

W= amhiy

we=we+ Wt with n (5.207)
Wi =" banh,
PA
then, using the definition of the time-ordered product,
(O[T (Wewh|o)
= (O|WWPT0)0 (2" — 2) 4+ (0|[WPTW|0)0 (2" — 2°)
= (O|WeWa(0)0(2° — ) + (0|WWT|0Y0 (2" — 20) (5.298)

where in the last line, we have kept only the terms in which creation operators faces
the vacuum on their right or annihilation operators faces the vacuum on their left.
Recalling that, in the case of scalar field, (0|¢,(2')¢}(2)|0) can be interpreted as the
amplitude for the particle to be created at x and found at 2/, we then naturally
interpret (0|7 (WeWH51)|0) as the amplitude to

create S-component of W at x’ and 0 o
. if 2V > a”|
annihilate a-component of W at x

5.299
( create a-component of W~ at x and ) e O 0 ( )
it 2% > 2”.

annihilate S-component of W~ at a2’
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Then, the amplitude Sy; can be graphically interpreted as below:

(5.300)

v
(x> x*°) (X% x°) M

One sees that when 2° > 2% W™ is emitted from the v, — p~ current at 2’ and
absorbed by the e~ — v, current at x. When 2° < 2%, W~ is emitted from the
e~ — v, current at = and absorbed by the v, — p~ current at z’. Note that at
each vertex, the charge is conserved. Also, the a-component of the e~ — v, current
couples to the a-component of W, and the B-component of the v, — p~ current
couples to the B-component of W. The amplitude is then summed over o and (3
and integrated over x and z’. The propagation amplitude (0|T(W<(z)W¥?T(2'))|0) is
called the Feynman propagator for a spin-1 particle.

Let’s evaluate the Feynman propagator (0|T(W<(z)W¥T(2))|0) so that we can
actually calculate the transition amplitude Sy;. The first term in (5.298) (apart from
the ¢ function) is

(O ()W (2")]0) = Olzapth ) D bl (2)[0)

PN
Z h;/\ hg;k)\/ ) <O|aﬁ)\a;/)\/ ‘O>
ﬂ/)\/ 5ﬁ*}ﬁ‘l§)\’)\/

_ gaﬁ + po‘p"

= Z Z p)\e)\ ep e;(x’)
7 A —

\/ e—ip(z—a")
2p0V
1 d‘°’p op . PP\ ipa-ar
=GP 2p0(—g + ) . (5.301)

We obtain the second term by the exchanges a < b, a < 3, and x < 2/, which
amounts to the simple sign change of the exponent:
a3

1 d? : /
B af _ p af p p - (x—x
O|WwWetio) = e —2p0(—g + Jert=, (5.302)
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Thus, <0|T(Wf(az)WfT(aﬁ’)) |0) is a function of z = 2—1’, which we denote by iD}’(2).
Combining (5.301) and (5.302),

iDY(2) £ (0|7 (We (@)W () 0) (5.303)

anB
af ]i —ip-z 0 _ qap p p ipz (0
/271-32]9[ -9 +m2)e 0(2>+( g+ )6 6(2)}
relabel o — —p': ( P 4 po‘_gﬂ)eipozo-&-iﬁz*
m

d3p 6iﬁ'z papﬁ i)0 50 PaP i0 50
_ af —ipYz 0 af alB\ ipQz 0
—/(2 )320[(—9 +—2>€ P 9(2)—1—(—9 +—2)€p (9(—2):|

Note that the indeces a and 3 changed from superscripts to subscripts on p®p® upon

relabeling 7 — —p and that p° is constrained to \/p> + m2. The 6 functions can be
nicely taken care of using complex analysis. To do so, we will first prove the identity

°dn flpe™™ -

I Err g BT + FE)ETO-)  (5:304)

where t, E, € are real, F/;¢ > 0, € is small, and 7 is a complex variable. The integrand
has two poles: (E —i€') and —(E — i€'):

Imn

—E+i¢ 1 1

2 — E2fie  n?— (E — i€)?2
1
- (= (E—i€)(n+ (E—ie))’

(5.305)

where € ~ ¢/2F > 0. What we want is the integral on the real axis from —oo to oo,
and in order to use the contour integrals, we have to choose the contour such that
the integral on the semicircle vanish. We note that

t>0and Imn — —oo, or

e~int — e—i(Rer])te(Imn)t — 0 when { (5306)

t<0and Imn — +o0.

Thus, when ¢t > 0 we have to take the lower loop which picks up the pole at £ —1¢, and
when t > 0, we have to take the upper loop which picks up the pole at —FE + ie. The
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clockwise (anti-clockwise) contour integral of some function F'(n) around a first-order
pole 1 is —(+4)2mi Res(ng) where the residue is given by

(5.307)

Res(m) = F(n)(n =) _, -

For our case, the function F(n) is
1 fn)e=™
F(n)=— . . . 5.308
= = (B = i)+ (B i€) (0309
The integral [ is then
. . fn)e=™ —i —iEt
t >0) —2miRes(E —i€) = —2mi — =—f(F)e"*
( ) i Res( i€') i 27+ (B = iel) ln=pic 2Ef( Je
. . fn)e ™ —1 Bt
— / e —_— = — — g
(t <0) 2miRes(—FE + i€') = 2mi 27— (B = i) h—ric 2Ef( E)e™" |
(5.309)
which establishes (5.304).
Now, we define
B
0y def af pp
F07) = =g+ 5, (5.310)
which is a function of p® when a = 0 or 3 = 0, where p (i = 1,2,3) are considered
to be constant. Then, the following holds for all values of a and (3:
f(=p") = —g"" + pCRE (5.311)

where we have lowered the indexes « and (3 in the second term, which can be verified
explicitly for each value of o and 3. Using this definition of f(p°) with £ = p° and
t = 29, the identity (5.304) can then be applied to the Feynman propagator (5.303):

3 wE ©0,0 0,0
d’p e—(f(po)e_lp z 9(2,0) + f(_pO)ezp 2 (9(—20))

PeBy
iDr(2) = / (27)3 20
_ / &p gz, [ dn_f(m)e™
(27T)3 —o0 2T 772 _ p02 +'l€
~~
P+ m?

—

inz0 eip-??

(5.312)

(2m)4 2 — 5% —m2 4 ie

_ Z./d?’pdn f(n)e”
At this point, there is no p° in sight, not even in f(n) where p° has been replaced

Since 7 is a dummy integration variable, we can

by n in the definition (5.310).
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call it any way we wish. We choose to call it p°, which is no longer constrained to

p° = \/p? + m2. Then,

iDi’(z) =

/ d3p dpo f(pO)efipozoeiﬁ-Z
1
(2m)% po? — p% —m?2 4 e

L N L
-if T —97 % r v (5.313)
(2m)* p? —m? +ie
where we have used the formal definitions
def def .
dp = Epdp® p* = po2 —p?. (5.314)
Thus, the spin-1 Feynman propagator is now
B ry def «a BT (! d4p - o —ip-(z—x")
D (e ') E QT (W @W I ))0) = [ 55D )e
(5.315)

af | p*pP
. . .—g 3
with DY (p) =i—2 — m>
F (P) p? —m? + ie

We emphasize again that p° is an integration variable and not constrained to p° =
VB 4 m2.

We can now use the spin-1 Feynman propagator to calculate Sy; (5.296) for
the scattering v,e” — p~ v, and extract the Lorentz-invariant matrix element M.
Roughly speaking, what happens is as follows: after collecting exponentials from the
fermion normal-mode functions and from the Feynman propagator, the integration
over x gives a delta function for the 4-momentum conservation at the W-ev, vertex,
and the integration over x’ results in another delta function for the 4-momentum
conservation at the W-vy,u vertex. Upon performing the integration over the 4-
momentum of the W [which is in iDp(z — 2')], the two delta functions becomes one
that corresponds to the 4-momentum conservation of initial and final states. Then,
the propagator in momentum space D%ﬁ (p) will survive into M together with the
u, v spinors for the external fermion legs.

Using the explicit expressions for the currents i, and jz (5.281), we have

<Ve|ia|6> = <O|aue(’767aPLe)al|0> = fueVaPLfe

' b _ . 5.316
Wil = (OlagEpPu)al 0) = FsPufl (5.316)

Then, assigning the 4-momenta as in Figure 5.4, Sy; (5.296) is now written as

O|T(WeW?1)|0) (fovaPrfe)(finsPLf,,)
2 4 ik! - —igx iq'-x’ —ik-x’
9 4 . 34 1 d P . ap —ip-(z—a') € e e e
Sy = L / d'z d / D p
o= g Jhed | P e VIV 2DV I
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e () Vu (k)
Figure 5.4: The Feynman diagram for the scattering v,e™ — p~v,.
X (ﬂue’VaPLUeMau’YBPLuuu)

d4p f At e—i(p-i—q—k')-ac f d4x/€z‘(p+q’—k)~x’
N / (27)4 V2KV 240V 2¢OV 2E0V

2
-9, _ . o _
% = (@7 P iDF () (1P,
=M
- / T 2m)**(p+q— k) 2m)*'6* (p+ ¢ — k) M
(2m)4 V2EPV 2¢OV 2¢OV 2E0V
T vertex T’ vertex

@m)tet(k+q—kK —¢)
- PR AT (5.317)

V2KV 2¢OV 2¢OV 2KV

which has the standard form of the definition of M (5.270) and allows us to use the
cross section formulas we have derived. The Lorentz-invariant matrix element M

o /3G N2 g8 4 p°p°
ME (Y P
can be obtained directly from the Feynman diagram shown in Figure 5.4 by following
the same rules for the external fermions and vertexes as before and assigning the
factor iD%ﬁ (p) for the W propagator. Note that the value of p in the propagator is
constrained to p = k' — ¢ = k — ¢’ by the delta functions.

Let’s evaluate the spin-averaged |M|?. We will assume that the initial-state elec-
tron is unpolarized, but the muon neutrino is assumed to be left-handed since the
V — A current is the only known source of neutrinos; namely, when we have a beam
of neutrinos, it is a good assumption that they are left-handed. On the other hand,
the matrix element above vanishes for a right-handed v, due to the factor Pru,,.
Consequently, if we sum over the spin of v, it will properly evaluate the cross section

0t b e el r,) (5.318)



5.6. v,E~ — pn vy SCATTERING 255

for left-handed v,. Thus, we will sum over all spins and divide by two to account for
the unpolarized initial-state electron. Also, we will ignore the masses of the fermions
assuming a high-energy scattering. Then, the p®p” term of the W-propagator van-
ishes by the same reason as does the p®p? term of the W spin sum in the W+ — et
decay (5.257). The properly spin-averaged matrix element squared is then

1,g%\2 1 _ —
ME = 5(5) i I P (P ) (5:319)

*

We have already performed exactly the same spin sum (*) for the p= — v,e” v, decay.
The only difference is that we had a v spinor for v, before instead of a w spinor in
this case; when summed over spin, however, there is no difference between u and v
spinors as long as the particle is massless:

> vpsUps =P — 'XL =p+ 7><L = ZU@;@I;’* (massless) . (5.320)

Comparing with the complex conjugate of (5.125), we see that all that is needed is
to substitute

p—d W), qa—aqle), p—kwv), ¢—FK{.), (5.321)

in (5.144) and adjust for the spin average factor of 1/2 used there and the difference
between Pp, and (1 — ~5). Thus, we obtain

() = 16(¢ - k') (k - q) (5.322)

The ie term in the propagator has no effect in this case, and |M|? is now

——  1,¢%\2 1 (¢ k) (k- q)
2= (=) ——16(¢" - k' Lq) = 94 M\ A 39
M| 2( 9 ) (P2 — m2)? 6(q"-K')(k-q) =29 (7 — m?)? (5.323)
Let’s define the Lorentz-invariant parameters s and t as
= 2 _ (L N2 _ o — o
s = (k+q)P=F+q¢)=2k-q=2k ¢ (5.324)

t=F-q9*=Fk-q)=p

where we have used the 4-momentum conservation k+q = k'+¢ and k? = ¢*> = k”? =
¢”?. Note that s is the invariant mass of the system squared that we called M? when
we derived the cross section formulas, and ¢ is the same 4-momentum transfer squared
that we defined in (5.277). Using the formula do /dt = [M|?/167\(M?, m2, m}) with
AMM? m?% m?) = 5%, we have

do 1,4 (s/2) g' g'

— = = ~ 5.325
it — 16ms2Y (t—m?)?  327(t—m?)?  32rm*’ ( )
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where the last approximation used ¢t < m? which is a good approximation for most
neutrino beams generated by high-energy accelerators. The distribution is essentially
flat in t. The range of ¢ can be easily obtained in the C.M. system where all particles
in the initial and final states have the same energy E = M /2. If the angle between
the incoming v, and the outgoing u~ is #, then together with s = 4F?,

t=((k—q¢)2=-2k-¢ =—2(E*— E*cost) = —g(l — cosf)

— 0>t>—s; (5.326)

namely, ¢ distributes uniformly from 0 to —s. Thus, the total cross section is (recalling
that m is the W mass)

g4

o — (t < m¥,, massless fermions). (5.327)
W

o(vue” — P ve) =

Let’s work out the number of interaction for a hypothetical case of 10" v,’s at 200
GeV hitting an iron target of thickness 10 m. With g = 0.65, my, = 80 GeV, and
me = 5.11 x 107* GeV, we have

s =2k-q=2E,m,= 0204 GeV?
—  o(ve” = p ) =88 x 10712 GeV 2. (5.328)
The expected number of interaction per projectile is
N = n(cm™?) o(cm?)L(cm), (5.329)

where n and L are the density and the length of the target. Thus, we have to convert
the unit of cross section from GeV =2 to cm?. Since o was evaluated in the unit system
where h = ¢ = 1, and hc has the value

hic = 1.9732 x 107** GeV -cm, (5.330)

if we pick the unit of energy to be GeV, then the unit of length (GeV~!) should
correspond to 1.9732 x 1074 ¢cm in order to make fic unity. Thus, the unit conversion
is

o(cm?) = o(GeV™?) x (1.9732 x 107*)? = 3.4 x 10~*cm?. (5.331)

The electron density of the iron is n = 2.2 x 10**/cm?; then, the total number of
interactions is

(#Vu)N = (#VM)TWL
= 10" . 2.2 x 10*(cm™®) -3.4 x 107*(cm?) - 10*(cm) ~ 75, (5.332)
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Vi (p) e(a) Ve (q)

K ()

Figure 5.5: The Feynman diagram for the muon decay u~ — v,e” 7. occurring
through a W exchange.

which is not a bad number to start planning the experiment!

The muon decay revisited - extraction of g

The muon decay = — v,e” 1, that we have studied earlier using the effective inter-
action (5.121) occurs through an exchange of W as shown in Figure 5.5, from which
the Lorentz-invariant matrix element can be read off:

def 7 1 \2 —gof 4 K
MZ () (0,70 Prtt )iy o (e Pat) (5.333)

Since M is Lorentz-invariant, let’s roughly evaluate the sizes of parameters in the
muon rest frame. The 4-momentum k = ¢ + ¢’ is the 4-momentum of the e~ 7,
system, and the maximum value of |k*| occurs when the momentum of v, is zero
and all energy of ~ has to be carried by the e~ 7, system; namely, k° = m,, in this
configuration and it is the maximum size that any component of k can take. Thus,

kKb k2 2
| |2 < () ~ 1070, (5.334)
my myy my
Thus, to a good accuracy,
_ a8 kokP o
G T iy (5.335)
k* —m2, +ie  mi,
namely, ‘
ig o
M = 5, Yo (1 = 75)u) (@ (1 = 75)v0e) (5.336)
w

this is exactly the same matrix element obtained from the effective interaction with
the identification

9 _Gr
8mi, /2

(5.337)
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Since we know the value of the Fermi coupling constant G from the muon life time,
we can extract the value of the universal coupling constant g:

Gp=1.1664 x 107°(GeV™?) — ¢=0.65 (5.338)
which is the value we have been using.

Propagators for spin-1/2 and spin-0 particles

Just as in the case of spin-1 particles, when a spin-1/2 or spin-0 particle is created
and then absorbed in the course of a process - namely, when it does not appear as an
external leg - it has an effect of propagating a particle from some space-time point
2’ to another space-time point x when 2° > 2% and propagating an antiparticle in
the opposite direction if 2% > 2°. They are again expressed as vacuum expectation
values of time-ordered products of fields as in the spin-1 case and called the Feyn-
man propagators for spin-1/2 and spin-0 particles, respectively. Following the same
procedure as in the spin-1 case, the spin-1/2 Feynman propagator is

c . d* —
iSpam(@ = 2') S (O[T (40 (2)thm(2'))[0) = / #i Spn (p)e )
(5.339)
Wl Sranlp) =1L

where p is the 4-momentum that would be carried by the fermion propagating forward
in time (not the anti-fermion), and the spin-0 Feynman propagator is

e d* , )
iBp(z =) EOIT (o0 ()10} = [ 5 Fine(pye
. (5.340)
with  1Ap(p) = i

which is valid for both hermitian and non-hermitian (charged) fields.

Exercise 5.6 Feynman propagators.

(a) For a hermitian spin-0 field ¢(x), show that the vacuum expectation value of the
time-ordered product of ¢(x) and ¢(y) (the Feynman propagator for spin-0 particle)
can be written as

iAp(z —y)

(O0[T(6(2)d(y))]0)

P 1 e ip-(a—
_ /W[e rEmng(a” — %) + 7P — 20| (5.341)
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where p° = /p? +m2. Then use the identity

1
2k

) . © dn i et
(Fmpe=0t0) + 5(-E)e o) = [~ 1 LI

(5.342)
to write it in the form given in (5.340) with ¢' = ¢. The Feynman propagator for a
hermitian spin-0 field is the same as that for a charged spin-0 field.

(b) Propagator for Dirac field: Verify

<0\¢9($)%Ek(y)\0> = /(273731)21?0(15""7”)3']@6_@'@_3/)

<0|&k<y)¢3($)|0> = /@giggw(ﬁ_m)jkeip(x—y)

(5.343)

Then, show that the Feynman propagator for a spin-1/2 particle is given by

iSpale =) = (O1T(;(x)0(y))0) ]
= (052 Be)]0)0(° — 4°) — (OlTu(y)5(2) 005" — o)

d*p (P +m)k ip(a—y
= —ip@-y) 5.344
/ (2m) p?2 —m? + iet ( )

Note the minus sign for the T-product for femion fields.

(c) Verify
(p—m)~' = péf—z; : (5.345)
thus, the spin-1/2 propagator in momentum space is often written as
iSp(p) = 2# . (5.346)

The exponential factor e=?(*=*) is common to the propagators for spin-0, spin-
1/2, and spin-1 particle, and when integrated over z and x’, it becomes part of
the delta functions that represent 4-momentum conservation at ‘each end’ of the
propagator. Thus, the rule is that when we have an internal line in Feynman diagram
(i.e. propagator), we assign the following factor:

10 Ap(p) i
Spin-vu: ————— — — VA f— —_—,
P P p? —m? +ie
. . . p+m
spin-1/2: . S =,
p / F(p) pg I m2 + ie

—q*P 4+ pp”
spin-1: s DY (p) = g m?

(5.347)

.
P2 —m?2 + e



260 CHAPTER 5. INTERACTING FIELDS

Figure 5.6: The sign of the 4-momentum in a fermion propagator is defined to be the
one carried by fermion propagating forward in time, not by anti-fermion.

Since the 4-momentum is to be conserved at each end of the propagator, what value
to take for the 4-momentum p in the propagators in momentum space is usually quite
obvious - except for the sign which depends on whether the propagator is thought
of as a particle propagating forward in time or as an anti-particle propagating again
forward in time. The sign of p does not matter for the spin-0 and spin-1 propagators
which are symmetric under p — —p as can be seen in (5.347). On the other hand,
the sign does matter for the spin-1/2 propagator since the relative sign of p and m in
the numerator p + m makes a difference.

As an example, consider a case where initial state anti-fermion emits a vector
meson at x and connects there to a fermion propagator (Figure 5.6). The other end
of the propagator (z') would connect to a fermion line and a vector, etc., but it is
irrelevant for us now. The propagator iSp(z — 2') as defined in (5.339) propagates
an anti-fermion from x to 2’ when 2° > 2° or propagates a fermion from 2’ to z
when 20 < 2° which is exactly what is needed in this case. If the incoming particle
were a fermion instead of anti-fermion, we would have used iSp(z" — ) which would
propagate a fermion from z to 2’ when 2’° > z°. What p to use in iSr(p) is determined
by the delta function that arises when integrated over x. The incoming antifermion
should be matched with bz s gz s(), thus it comes with e~**. Similarly, the outgoing
vector comes with e*® and iSp(z — ') contains e~#%. Thus we obtain §*(q¢ — k + p)
upon integration over x; namely, we should use p = k — ¢ which is the 4-momentum
of the fermion propagating forward in time (the diagram on the right of Figure 5.6).
If the incoming particle were a fermion, then the only modification in the exponential
factors above comes from 1Sy (2’ — x) which now has e’ instead of e~?*. Thus, the
4-momentum to use in iSr(p) would be p = ¢ — k which again is the 4-momentum of
the fermion propagating forward in time (the diagram on the left of Figure 5.6 where

f is changed to f). The rule is then the 4-momentum of a fermion propagator should
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be the one carried by a fermion propagating forward in time.

In the massless limit, the spin-0 and spin-1/2 propagators in (5.347) do not en-
counter diffculties; the spin-1 propagator, however, requires some care since the term
p*p? /m? in the numerator diverges. As we will see later, only for certain type of
theories (where the spin-1 particle couples to a conserved current) the term p®p® /m?
is strictly zero and thus the spin-1 propagator is well-defined in the massless limit.
We will come back to this problem later.

One important feature to note is that even though the time-ordered product is
defined in a given Lorentz frame, the expressions above for the Feynman propagators
appear to be Lorentz-invariant. To see this more clearly, let’s write down the Feynman
propagator for the real spin-0 particle as

(01T (¢(2)p(x))[0) = (Olé(x)d(2)]0)0(x" — =) + (0] (2")b()|0)6(2” — 2°)
= Al (z—2)0(2° — 2%) + Ay (2 — 2)0(2” — 1)
= Ay(z—2)0(° — %) + A% (z — )0 (2" — 2°),  (5.348)

where we have used (4.268) and A, (—z) = A% (2). Namely, the Feynman propagator
is obtained from A (z) by taking the complex conjuagate when z° < 0. If for example
we boost in the z-direction by a boost factor «, then the function A (z) will still be
identical since it depends only on 2%, and the line (actually a plane) z° = 0 in the
original frame corresponds to

L=~ —n' =0, (5.349)

which is a straight line going through the origin whose slope angle never exceeds
7w /4. Thus, the time-ordering in the original frame amounts to taking the complex
conjugate of A, (z) below the tilted line in the boosted frame. Since A, (z) in the
space-like region is real (see Figure 4.2), the result does not depend on the slope. Thus,
the Feynman propagator is independent of the frame in which the time-ordering is
taken. This may be surprising since a propagation of a particle from 0 to z in original
frame becomes a propagation of antiparticle from z to 0 in another frame when the
sign of z° changes under the Lorentz transformation. One sees that the reason why
this does not make any difference is because A (z) is real in the time-like region.

Before ending this chapter, let’s consider what is the meaning of the sign of ie. If
one sets the small imaginary part to be —ie in (5.304) and follow the derivation of
the identity, one sees that it only changes the sign of ¢ in the two theta functions,
which traces back to the theta functions in the time-ordered product (5.298). Thus,
it corresponds to propagating a particle from 2’ to x if 2’ is later in time than x and
propagating an antiparticle from x to 2’ if z is later in time than z’; namely, if the
sign of ie is flipped, it will propagate particle or antiparticle backward in time.



